THE EXISTENCE OF GABOR BASES AND FRAMES
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ABSTRACT. For an arbitrary full rank lattice A in R?*? and a function g € L*(R?) the
Gabor (or Weyl-Heisenberg) system is G(A, g) := {e2™“®) g(x — k) ‘ (k, £) € A}. Tt is
well-known that a necessary condition for G(A, g) to be an orthonormal basis for L?(R¢)
is that the density of A has D(A) = 1. However, except for symplectic lattices it remains
an unsolved question whether D(A) = 1 is sufficient for the existence of a g € L?(R%) such
that G(A, g) is an orthonormal basis. We investigate this problem and prove that this is
true for some of the important cases. In particular we show that this is true for A = MZ¢
where M is either a block triangular matrix or any rational matrix with |det M| = 1.
Moreover, if M is rational we prove that there exists a compactly supported g such that
G(A,g) is an orthonormal basis. We also obtain similar results for Gabor frames when
D(A) > 1.

1. INTRODUCTION

Let A be a full rank lattice in R?¢ and g € L?(R?). The Gabor (or Weyl-Heisenberg)
system associated with A and g is the following family of functions in L2(R):

(1.1) G(A,g) = {e%m’x)g(w —K) ‘ (k, £) € A}.

Gabor systems were introduced for the purpose of signal processing, and they are closely
related to the representation of the Heisenberg group. In this paper we consider Gabor
orthonormal basis and Gabor frames. Recall that a family of functions {f;} in L?(R?) is a
frame if there exist constants C7,Cs > 0 such that

(1.2) CUlFIE < Y KE P < Call£113
j

for all f € L?(R%). The constants C, Cy are called the frame bounds for the frame. A frame
{f;} is called a tight frame if C1 = Cs, and a Parseval tight frame if Cy = Cy = 1. Frames
are natural generalizations of bases by allowing redundancies. Another generalization of
orthonormal basis is Riesz basis {f;} in L*(RY), which means {f;} is complete in L?(R?)
and there exist postive constants C; and C5 such that

(1.3) CLY e <UD eifillP < C2> eyl
i i i
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for all {¢;} € 2. A fundamental question in the study of Gabor bases and frames is to find
conditions on g and A such that G(A,g) is a basis or frame. Well known is the following
theorem, often refered to as the Density Theorem for Gabor systems:

The Density Theorem. Let A be a full rank lattice in R?.

(A) If there exists a g € L*(R?) such that G(A, g) is complete in L*(RY), then D(A) > 1.
(B) If there exists a g € L*(R?) such that G(A,g) is a Riesz basis for L*(R?), then
D(A) = 1.

Part (A) of the above theorem was proved in dimension d = 1 for separable lattices
A = aZ x (Z by Daubechies ([Dal], [Da2]) under the additional assumption that af is
rational. She in fact gave a constructive proof in that setting. As a corollary of a result
about von Neumann algebras associated with lattices, M. Rieffle indeed proved the theorem
earlier in [Rie] for any separable lattice A = aZ x Z with any « and 3. In higher dimensions
the Density Theorem was proved by Ramanathan and Steger [RSt], who also proved that
under the assumption that G(A,g) is a frame then D~ (A) > 1, where D~ (.) denotes the
lower Beurling density, even when the lattice condition on A is relaxed. Part(B) of the
theorem was also proved in [RSt], and without the lattice condition on A. There have been
a great deal of research related to the density of A in a Gabor system in various context
using various different approaches, see e.g. [RSh], [CDH], [FS1], [GH1], [Gro], [Wa] and the
references therein.

This paper concerns the converse of the Density Theorem. We consider the following
questions on the existence of Gabor bases or frames: Let A be a full rank lattice in R2?. If
D(A) =1 can we always find a g € L?(R?) such that G(A, g) is an orthonormal basis or a
Riesz basis for L2(R%)? If D(A) > 1 can we always find a g € L%(R?) such that G(A, g) is
a frame or even a tight frame for L2(R?)?

The existence questions were answered for separable lattices A = K x £ in which both
K and £ are full rank lattices in R%. For d = 1 the answer is trivial. With A = oZ x Z
we may simply choose g = ﬁx[ma“. Then it is an easy exercise to check that G(A, g)

o

is a tight frame for L2(R) if D(A) > 1 and an orthonormal basis if D(A) = 1. The same
results also hold in higher dimensions, although the problem became highly nontrivial. If
D(A) = 1 then there exists a g € L?(R%) such that G(A,g) is an orthonormal basis for
L*(R?). If D(A) > 1 then there exists a g € L?(R?) such that G(A, g) is a tight frame for
L?*(R%), see Han and Wang [HW]. They proved the existence results by by studying the
existence of domains that tile simultaneously by two different lattices.

However, for non-separable lattices A the existence questions remain unsolved for d > 1.
For d = 1 the existence results hold, and can be proved easily by transforming the lattice
A into a separable lattice using symplectic matrices, see Grochenig [Gro]. We shall give a
short review of the subject in Section 3. Key to this result is the fact that every lattice
in R? is symplectic. This is no longer true for R?? with d > 1. While the existence
results hold for symplectic lattices in any dimension, they appear to be difficult questions
for non-symplectic lattices. In this paper we prove the existence results for a large class
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of non-symplectic lattices. A useful fact is that the existence of bases and frames are all
equivalent to the existence of complete Gabor systems.

Theorem 1.1. Let A be a full rank lattice in R?** with D(A) = 1. The following are
equivalent:

(A) There exists a g € L*(RY) such that G(A,g) is complete in L*(RY).
(B) There exists a g € L%(R?) such that G(A, g) is a Riesz basis for L*(R?).
(C) There exists a g € L*(R?) such that G(A,g) is an orthonormal basis for L?(R9).

A similar result holds for the existence of frames.

Theorem 1.2. Let A be a full rank lattice in R?? with D(A) > 1. The following are
equivalent:

(A) There exists a g € L*(R?) such that G(A, g) is complete in L*(RY).
(B) There exists a g € L*(R?) such that G(A, g) is a frame for L?(RY).
(C) There exists a g € L2(R?) such that G(A, g) is a tight frame for L?(R?).

Note that any full rank lattice A in R?? can be written as A = RZ?? where R is a non-
singular 2d x 2d matrix. The density of A is the D(A) = |det(R)|~!. We shall call | det(R)]
the volume of A and denote it by v(A). We prove the existence of bases and frames for
certain non-symplectic lattices:

Theorem 1.3. Let A be a full rank lattice in R*¢, A = RZ>?. Suppose that R = T M where
T is symplectic and M = [A B} with either B =0 or C =0, where A, B, C, D are all

C D
d x d matrices. Then

(A) There exists a g(x) € L2(R?) such that G(A,g) is an orthonormal basis of L?(R%)
if and only if D(A) = 1.

(B) There exists a g(z) € L2(R?) such that G(A,g) is a tight frame of L*(RY) if and
only if D(A) > 1.

A particularly interesting case is when A is rational, i.e. A = RZ?? and R has rational
entries. We obtain a stronger conclusion with the following theorem:

Theorem 1.4. Let that A = RZ*® for a rational matriz R. If D(A) = 1 then there exists
a compactly supported g € L>(R?) such that G(A, g) is an orthonormal basis for L*(R?). If
D(A) > 1 then there exists a compactly supported g € L*(R?) such that G(A,g) is a tight
frame for L*(RY).

We point out that the existence of a compactly supported g € L2(R%) such that G(A, g)
is a basis (frame) is not solved even for separable lattices for d > 1, or for non-separable
lattices in dimension d = 1. We conjecture that for some lattices A with D(A) = 1 there
exists no compactly supported g such that G(A,g) is a basis even in dimension d = 1. In
é ﬂ and b € Q there exists no

compactly supported g such that G(A, g) is an orthonormal basis for L?(R).

particular, we conjecture that for A = RZ? with R = [
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The rest of this paper is organized as follows: In Section 2 we briefly review our lattice
tiling results and discuss how they can be used to the separable lattice case. These results are
also needed in Section 4. Section 3 is a short review on symplectic lattices and the Stone-von
Neumann theorem. Both sections are provided for the convenience of the readers. Section
4 is devoted to proving Theorems 1.1-1.4.

The authors wish to thank J. P. Gabardo and Chris Heil for helpful comments.

2. SEPARABLE LATTICES

This section is devoted to reviewing some of the results in Han and Wang [HW] on
the existence of Gabor bases and frames for separable lattices. We shall be using these
results to prove the new results stated in Section 1. Let A be a full rank separable lattice,
A = AZ? x BZ%. Motivated by the one dimensional case, one simple idea to prove the
existence of a Gabor basis G(A,g) is to test whether g can be chosen as a characteristic
function. This naturally leads to a tiling problem for two different lattices. To state the
problem and the results we need to recall some notations.

Let © be a measurable set in R? (not necessarily bounded), and let £ be a full rank
lattice in RY. We say € tiles R% by L, or Q is a fundamental domain of L, if

(1) Uper(Q+0) =R? ace;
(i) (2+£)N (22 + ) has Lebesgue measure 0 for any ¢ # ¢’ in L.

We say that Q packs R? by L if only (ii) holds. Equivalently, Q tiles R? by £ if and only if

(2.1) Z xa(z —£) =1 for a.e. z € R?,
lel

and Q packs R¢ by £ if and only if

(2.2) Z xa(z —£) <1 for a.e. x € R%
lel

Clearly, u(92) = v(£) if Q tiles by £, and u(Q2) < v(£) if Q packs by £. Furthermore, if
packs R? by £ and ;(Q) = v(£), then Q necessarily tiles R? by L.

Now let A = K x £ be a full rank lattice in R?? with v(A) = v(K) - v(£) = 1. Write
K = AZ? and £ = BZ. Then |det A| = |det(BT)~!|. It not hard to check that the question
of whether there exists a characteristic function which generates a orthogonal Gabor basis
is equivalent to the question of whether the two lattices AZ? and (B”)~'Z% have a common
fundamental domain. Similarly, if v(A) < 1, then the question of whether there exists a
characteristic function which generates a tight Gabor frame is equivalent to the question of
whether there exists a measurable set Q such that it tiles R? by the lattice AZ? and packs
by the lattice (BT)~'Z?. The tiling question has been studied in the area of tiling theory
for many years (cf. [Ko]) and is closely related to a well-known open problem of Steinhaus’
which asks whether there exists a common fundamental domain for all the lattices RgZ?,
where Ry is the rotation matrix by angle §. The following result was proved in Han and
Wang [HW]:
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Theorem 2.1 ([HW]). Let £,K be two full rank lattices in RY such that v(L£) > v(K).
Then there exists a measurable set Q in RY such that Q tiles R by K and packs RY by L.

In particular, when v(L£) = v(K), then there exists a measurable set Q in RY such that Q
tiles R% by both K and L.

If in addition both K and L are rational then € can be chosen to be compact, see [HW],
Corollary 2.4. This yields the following:

Theorem 2.2 ([HW]). Let A = AZ? x BZ? be a full rank lattice in R?? with v(A) < 1.
Suppose that A and B are in M, (Q). Then there exists a bounded set ) such that G(A, g)
is a tight Gabor frame for L?(RY) when g = xq.

These two results yield the following existence result for Gabor bases and frames:
Theorem 2.3 ([HW]). Let £, K be two full rank lattices in RY and let A = K x L.

(1) If v(£)v(K) = 1 then there exists a g(z) € L%(RY) such that G(A,g) is an ortho-
normal basis for L?(R%).

(ii) Ifv(L)v(K) < 1 then there exists a g(x) € L?(RY) such that G(A, g) is a tight frame
for L2(R%).

3. SYMPLECTIC LATTICES

This section is devoted to a short review of symplectic lattices and the Stone-von Neu-
mann Theorem. A matrix M € May(R) is symplectic it MTJM = J where J = [0 _Id}

I; 0
A B . . . . T T T T
C D] then M is symplectic if and only if AC* = A*C, BD* = B* D
and ATD — CTB = I;. We shall use Sp(d,R) to denote the set of all symplectic matrices
in Mag(R). A lattice A in R?? is symplectic if A = aMZ?® for some o € R\ {0} and
R € Sp(d,R).

Symplectic matrices arise from the study of the Heisenberg group H and the Schrédinger
representation on H. The Hesenberg group is H = R% x R% x T with the group multiplication
given by

If we write M = [

(,9:7)(u,0,m) = (z +u,y + v, Ty TV ww))

for z,y € R? and 7,n € T := {\ € C : |\| = 1}. The Schrédinger (irreducible) unitary
representation 7 of H on L2(R) is given by

w(,y, ) f(t) = Tem VTV (t +x),  f € L*(R).
Stone-von Neumann Theorem. Let p be any irreducible unitary representation of H on
a Hilbert space H such that
p(0,0,7)h =7h, 7T€T, heH.
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Then p is unitarily equivalent to the Schrodinger representation w, i.e., there is a unitary
operator U : H — L*(RY) such that

plx,y,7) =U*n(z,y,7)U, (x,y,7) € H.

Note that any M € Sp(d,R) preserves the symplectic form [Mz, Mw] = [z,w] for all
z,w € R¥ where [z, w] = (z,v) — (u,y) with z = [z,y]T and w = [u,v]T. Hence p(z,y,7) =
7(M([z,y]", 7) defines an irreducible unitary representation for H and satisfies the condition

p(0,0,7)h = (0,0,7)h = 7h, he L*RY), reT.

It follows from the Stone-von Neumann theorem that there exists a unitary operator, say
o(M), on L?(R%) such that

m(Mlz,y)",7) = o(M)p(z,y, 7)o (M)~",  z, yeR’ reT.
This leads to the following:

Lemma 3.1. Let A be a full rank lattice in R?*? and let M € Sp(d,R). Then there is a
function g € L*(R?) such that G(A,g) is an orthonormal basis (resp. Riesz basis, frame,
tight frame) for L2(R%) if and only if there is a function h € L*(R?) such that G(MA,h)
is an orthonormal basis (resp. Riesz basis, frame, tight frame) for L%(RY).

In general it is hard to find o. However, for certain M, o(M) are familiar operators. For

. 0 I

example, if M = [ 70
I 0
Cc 1

Stone-von Neumann Theorem and representations of H we refer to [Fol] or [Gro].

For any 2 x 2 real matrix M, it is obvious that M € Sp(1,R) if and only if det(M) = 1.
Now any full rank lattice A in R? can be expressed as A = M(aZ?) with a € R and
det(M) = 1. Since the existence results hold for the lattice aZ?, Lemma 3.1 now yields the
following theorem, see [Grol:

} then o(M) = i"/2F =1, where F denotes the Fourier transform;

if M = [ } with C' = C7 then (o(M)f)(t) = e~ f(¢). For more details about

Theorem 3.2. Let A be a full rank symplectic lattice in R2.

(A) Suppose that D(A) = 1 then there exists a g € L*(R) such that G(A,g) is an
orthonormal basis for L?(RY).

(B) Suppose that D(A) > 1 then there exists a g € L*(R) such that G(A,g) is a tight
frame for L*(R%).

The factorization of a matrix into a product of a scalar and a symplectic matrix can no
longer be done for all matrices in higher dimensions. This is the main obstacle in proving
the existence of Gabor bases and frames for a given lattice A.
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4. PROOF OF THEOREMS

We first prove Theorem 1.3, which we divide up as two lemmas. Note that the phase T
in w(z,y,7) € Hy does not affect the basis or frame property of a Gabor system, we will
simply let 7 = 1 and denote 7 (z,y,1) by 7(z,y).

Lemma 4.1. Let A be a full rank lattice in R?* such that A = MZ>® with
A 0 ]

M:[B D

If v(A) = 1 (resp. v(A) < 1), then there exists a function g € L?(R?) such that G(A,g) is
an orthonormal basis (resp. tight frame) for L?(R%). Moreover g can be chosen such that
lg(t)] is the scalar multiple of a characteristic function.

Proof. We will apply a matrix 7' (which is not necessarily a symplectic matrix, and hence
the Stone-von Neumann Theorem does not apply here) to A such that T'A is a separable
lattice. We then apply Theorem 2.2 to obtain ¢g. Let C = —BA~! and

I 0
o[10].
Then
A 0
o [409].

A simple calculation shows that for any z,y € R? and f € L?(R%),
m(Tla,y|)f () = 7(z,Cx+y)f()
e27ri(Cz+y,t)+7ri<m,Cx+y>f(t + :U)

i@ (CT=O)t) —mi(t,Ct) 27 (yt)+7 (@) ri(t+2,C (t+2) flt+2)
i (CT=CN (1 U (),

where (Uf)(t) = e~ ™00 £(¢).

We first consider the case D(A) > 1, which is equivalent to v(A) = | det(AD)| < 1. Hence
|det A] < |det(DT)~!|. By Theorem 2.1 there exists a measurable set Q in R¢ such that
tiles R? by AZ? and packs R? by (DT)~1Z?. Thus for any f € L?(RY) we have

IF1P =Y 1Pt
meZd
and
1P fI* =D [(f.w(Am, Dn)h(t)|?
nezd
where h(t) = L_yq and P, is the orthogonal projection onto L2(Q + Am). Now we

v/ | det A|
define g(t) = U~'h(t). We claim that {n(z,y)g : (x,y) € A} is a tight frame for L2(R%)
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(and hence G(A, g) is a tight frame). Indeed, for any f € L?(R%) we have

S @yl = Y [(f, e @ CCIN U (T (2, )T )Ug)

(z,y)EA (z,y)EA

= Y e @C=CONY (T (x,) " )|
(z,y)eA

= Y e AmC=CONY £ r(Am, Dn)T)h)|?
(m,n)€Zd x4

= 3 e @Oy f (T (2, )" )|
(z,y)EA

= > N [e T AmC=CON Y £ x(Am, Dn)T)h)[?
meZa neZd

— Z HPme_”(AW(C_CT)t)UfH2
meZd

= > Pt =11

mezZ4

Thus {m(x,y)g : (z,y) € A} is a tight frame as claimed. In fact it is a Parseval tight frame.
This shows that G(A, g) is a tight frame for L2(R%).

In the case of D(A) = 1 we follow the exact same procedure. However in this case € tiles
by both AZ? and (DT)~'Z¢. This yields a Gabor orthonormal basis G(A, g) for L%(R?),
see also [HW].

We remark that in both cases |g| = W. |
et(4)Ixa

Lemma 4.2. Let A be a full rank lattice in R?® such that A = MZ2® with
A B }

M:[o D

If v(A) =1 (resp. v(A) < 1), then there exists a function g € L*(R?) such that G(A,g) is
an orthonormal basis (resp. tight frame) for L>(R%). Moreover g can be chosen such that
[g(t)| is the scalar multiple of a characteristic function.

2w (L) 2m (4, k)

Proof. Note that the Fourier transform of g, , := e glr — k) is e
G(A,g) is an orthonormal basis (resp. tight frame) if and only if G(A,g) is, where A =

M7Z24 with
M—[ D 0 ]

Je,—r. Hence

-B —A
The lemma now follows from Lemma 4.1. [ |

Proof of Theorem 1.3. Let A = RZ?? with R = TM where T is symplectic and M is block
triangular. Let T' = MZ2?. We have already established the existence of an orthonormal



THE EXISTENCE OF GABOR BASES AND FRAMES 9

Gabor basis (resp. tight Gabor frame) if D(I') = 1) (resp. D(I') > 1). The theorem now
follows directly from Lemma 3.1. [ |

Corollary 4.3. Let A be a full rank lattice in R?*? such that A = MZ>® with

A B

C D |-

and assume that v(A) = 1 (resp. v(A) < 1). If either CA~! or BD™! is symmetric, then

there exists a function g € L*(R?) such that G(A,g) is an orthonormal basis (resp. tight
frame) for L?(RY).

|

I 0
—CA™L T

]. The matrix T is in Sp(d,R). Furthermore let I' = TMZ?

Proof. If CA~! is symmetric, we define 7' = [

I —BD™!
0 I

then there exists an h € L?(R%) such that G(T,h) is an orthonormal basis (resp. a tight
frame) because T'M is block triangular and v(I') = v(A) = 1 (resp. v(I') = v(A) < 1). Since
A =T7'T and T~! is symplectic, the corollary now follows directly from Lemma 3.1. [ |

] : whereas if BD~! is symmetric

WeletT:[

We now prove Theorem 1.4. To do so we need to establish the following lemma.

Lemma 4.4. Let M € M, (Z). Then there exists a unmodular P € My(Z) such that M P
1s lower triangular.

Proof. Let [ai1,a12, - ,a1n] be the first row of M with ged(a;) = di. It follows from
elementary number theory that
x1a11 + Toa12 + -+ - + Tpaiy = dy

for some integers x1,x2,...,x, with ged(z;) = 1. Let P; be the unimodular integer matrix
with [z1, 29, - ,2,]7 as its first column. Such a matrix is well known to exist, see Newman
[Ne|, Theorem II.1, page 13. Observe that
di bz -+ b
bar bay - by
M1 = MP1 = . .
bnl bn2 o bnn

Since each by is a linear combination of ay;’s, di | by for j = 2,...,n. Therefore we may use
column Gaussian elimination to reduce M7 to

d 0 -~ 0

C21 C22 - Con
Ms = )

Cnl  Cn2 Cnn

Note that My = M; P, with a unimodular P, € M, (Z). Now The lemma is proved by
induction on n. [ |
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Proof of Theorem 1.4. We have A = RZ?? with R € My4(Q). Write R = %R such that

R € Myy(Z) and q € Z. Tt follows from Lemma 4.4 that R = TP where T € Mau(Z)
is a lower triangular integral matrix and P is unimodular integral matrix. Thus R72 =
TPZ* =TZ*. Set T = {T and thus A = TZ*".

Now T'is lower triangular, and write 1" = [ g 10) } Therefore in the case D(A) =1 it

follows from Theorem 1.3 and its proof that there exists a g € L%(R?) such that G(A, g) is
. . _ 1 . . d
an orthonormal basis, with |g| = Trae )l xq for any domain €2 that tiles by both AZ% and

(DT)=17Z%. Since both A and D are rational, we may choose a bounded domain € ([HW],

Corollary 2.4). Hence we may choose a compactly supported g. In the case D(A) > 1 the
. _ i

same argument shows that we may choose a g with |g| = o X, where € can be any

domain that tiles by AZ? and packs by (DT)~'Z? Again a bounded such € exists since
both A and D are rational ([HW]). The theorem is now proved. |

We conclude the paper by proving Theorems 1.1 and 1.2.

Proof of Theorem 1.1. To Be Filled.

Proof of Theorem 1.2. To Be Filled. [ |
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