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Abstract

We study the two�scale dilation equation

f�x� �

NX
n��

f��x� n��

By expanding the matrix product expansion technique introduced by Daubechies and
Lagarias� we give a necessary and su�cient condition for the existence of continuous
scaling functions and establish an exact formulae for their H�older exponents� We also
introduce the mean spectral radius of a set of matrices� Applying the mean spectral
radius we prove a su�cient condition for the existence of L� solutions to the dilation
equation� We conjecture that such a condition is also necessary� Finally� we establish a
surprising formulae for the exact fractal dimension of the graph of a continuous scaling
function by using the mean spectral radius�

� Introduction and Notation

In this paper� we study the two�scale dilation equation

f�x� �
NX
n��

cnf��x� n� ���

where the coe�cients cn are real� We always assume c� �� 	 and cN �� 	�

Two�scale dilation equations arise in many applications� They play crucial roles in sub�

division schemes� which are algorithms for curve and surface generation �
���� 
���� 
��� 
����


�� etc��� and in the construction of compactly supported orthonormal wavelet functions

�
����

Due to those important applications the two scale�dilation equation ��� has been stud�

ied extensively in recent years� Daubechies �
��� applied Fourier analysis to estimate the

smoothness of compactly supported orthonormal wavelets� In a later paper Daubechies

and Lagarias �
���� improved the estimates in 
�� using a di�erent approach� They noticed

that better estimates can be obtained from the matrix product expansion ��� by applying

their results �
��� on in�nite products of matrices� The same idea was also exploited by

�



Caravetta� Dahmen� and Micchelli �
��� to study the convergence of subdivision schemes�

It is mainly this matrix product expansion approach we shall adopt in this paper�

Throughout this paper� we use P�� P� to denote the two N by N matrices

P� �

�
�����
c� 	 	 � � � 	 	
c� c� c� � � � 	 	
���

���
���

� � �
���

���
	 	 	 � � � cN cN��

�
����� � P� �

�
�����
c� c� 	 � � � 	 	
c� c� c� � � � 	 	
���

���
���

� � �
���

���
	 	 	 � � � 	 cN

�
����� �

or P� � �c�i�j��� and P� � �c�i�j�� For any f�x� with supp�f� � 
	� N �� we denote

vf �x� � 
f�x�� f�x � ��� � � � � f�x � N � ���t�

By a solution to the dilation equation ��� we always refer to a nontrivial compactly sup�

ported solution� When a solution f�x� is integrable� it is necessary that f�x� is compactly

supported with supp�f� � 
	� N � �
�	��� Sometimes it is convenient to call a solution f�x� to

��� a scaling function and vf �x� a scaling vector when f�x� � L��R� because it is a scaling

function of a multiresolution analysis and vice versa� �See 
�� for more on multiresolution

analysis��

For any x � 
	� ��� let x � 	�d�d�d� � � � be a dyadic expansion of x �so di � f	� �g�� De�ne

�x �

�
�x x � 
	� �� ��

�x� � x � ��� � ���

Then � becomes the left shift operator on dyadic expansions of x � 
	� ��� i�e�� �x �

	�d�d�d� � � �� We have

Proposition ��� Let f�x� be a solution to ���� Then for all n � � and x � 
	� ���

vf �x� � Pd�Pd� � � �Pdnvf ��n�x�� ���

where x � 	�d�d�d� � � �� di � f	� �g�

Since dyadic expansions routinely occur in this paper� it is convenient to introduce some

notation� For any x � 
	� ��� if x is dyadic� i�e� x � k��m for some k�m � Z� then x has two

dyadic expansions except for x � 	 and x � ��

x � 	�d� � � � dm�			 � � � �upper expansion�

� 	�d� � � � dm	��� � � � �lower expansion��

for some di � f	� �g� When x is non�dyadic� the dyadic expansion of x is unique� In this

case the upper and lower dyadic expansion of x is simply the same unique dyadic expansion

of x� We use di�x� to denote the i�th digit in the upper dyadic expansion of x�

�



De�nition ��� For any x� y � 
	� ��� x �� y we denote by ��x� y� the largest integer k with

the following property� there exists a dyadic expansion of x and a dyadic expansion of y such

that the �rst k digits of the two expansions coincide� We denote by di�x� y�� � � i � ��x� y��

the i�th common digit in the two expansions�

Lemma ��� If ��x� y� � m then jx� yj � ��m� Conversely� if jx� yj � ��m and either x

or y is dyadic� then ��x� y� � m�

Proof� The �rst statement is obvious� To prove the second statement� assume that x �

�	� �� is dyadic� �In the cases of x � 	 or x � �� the lemma can be checked easily�� So x has

two dyadic expansions

x � 	�d� � � � dk�			 � � � � 	�d� � � � dk	��� � � � �

Let y � e�e�e� � � � be a dyadic expansion of y� If k � m then it is obvious that ei � di for

� � i � m� Suppose k � m� Let a � �mx and b � �my� We have a � Z and b � b� � r

where b� � Z and 	 � r � �� Since ja� bj � �mjx� yj � �� we have b� � a or b� � a� �� If

b� � a then the upper expansions of x and y will have the same �rst m digits� If b� � a� �

then the lower expansion of x and the upper expansion of y have the same �rst m digits�

De�nition ��� Let � � MN �R� �MN �R� is the set of all N by N real matrices�� � is

called RCP �right convergent products� if limn��A� � � �An exists for every sequence

fAig in �� � is called product bounded if the semigroup generated by � is bounded�

For a single matrix A �MN �R� the spectral radius of A is well�known� namely ��A� �

fj�j�� is an eigenvalue of Ag� It is easy to show that for any matrix norm k�k on MN �R�

��A� � lim
n��

kAnk
�

n � ���

We extend the de�nition of spectral radius to a set of matrices�

De�nition ��� Let � be a bounded subset of MN �R�� The generalized spectral radius

of � is

���� � lim sup
n��

�
sup

A������An��
��A� � � �An�

� �

n � ���

The following results appeared in 
��� 
���

Proposition ��	 Let � �MN �R� be bounded�

�� Let k�k be any matrix norm on MN �R�� Then

���� � lim sup
n��

sup
A������An��

kA� � � �Ank
�

n � ��

�



	� For any r � ����� there exists a matrix norm k�k on MN �R� such that kAk � r for

every A � ��


� If � is RCP� then � is product bounded�

�� � is product bounded if and only if there exists a norm k�k on MN �R� such that

kAk � � for every A � ��

Note that �� is the generalization of ���� The right hand side of �� is called the joint

spectral radius of �� Frequently it is more convenient to use �� as the de�nition of �����

De�nition ��
 Suppose � � fA�� � � � � Apg �MN �R� where Ai �� Aj for i �� j� Let k�k be

a matrix norm de�ned on MN �R�� The mean spectral radius is

����� � lim sup
n��

�

p

� X
i������in

kAi� � � �Aink
� �

n ���

where the summation is taken over all elements �i�� � � � � in� � f�� � � � � pgn�

It is standard to show that the di�nition of ����� is independent of the choice of the

norm k�k� We also have the following�

Proposition ��� Suppose � � fA�� � � � � Apg �MN �R� where Ai �� Aj for i �� j� Then

��

����� � lim
n��

�

p

� X
i������in

kAi� � � �Aink
� �

n ���

where the summation is taken over all elements �i�� � � � � in� � f�� � � � � pgn� In other

words� the lim sup in ��� can be replaced by limit�

	� Let k�k be any matrix norm de�ned on MN �R�� Then

����� �
�

p

pX
i��

kAik�

Proof� �� Let

an � log
� X
i������in

kAi� � � �Aink
�
�

Then

am�n � log
� X
i������im�n

kAi� � � �Aim�n
k
�

� log
� X
i������im�n

kAi� � � �Aimk � kAin�� � � �Aim�n
k
�

� log
� X
i������im

kAi� � � �Aimk
�� X

j������jn

kAj� � � �Ajnk
�

� am � an�

�



Hence limn�� an�n exists and ��� holds as required�

�� It follows easily from

X
i������in

kAi� � � �Aink �
X

i������in

kAi�k � � � kAink �
� pX
i��

kAik
�n
�

The rest of the paper is divided into three sections� In Section � we give a necessary

and su�cient condition for the existence of continuous scaling functions� We also prove

a formulae for the exact H�older exponent of a continuous scaling function based on the

generalized spectral radius of two matrices� Some of our results in this section have also

been obtained independently by Colella and Heil �
���� In Section �� we focus on integrable

solutions� We prove that a bounded solution exists if fP�� P�g is product bounded� improving

an earlier result in 
���� We also establish a strong link between the mean spectral radius

and the existence of an integrable scaling function� Finally� in Section � we give an exact

formulae for the box dimension �fractal dimension� of the graph of a continuous scaling

function using the mean spectral radius�

� Existence and Regularity of Continuous Solutions

Consider the the general dilation equation ���

f�x� �
NX
n��

cnf��x� n��

Under the assumption X
n

c�n �
X
n

c�n�� � � ���

the two matrices P�� P� are column stochastic� Since 
�� �� � � � � �� is a common left ��

eigenvector of both P�� P�� we have

Pi �

	
� 	
	 Ai



� i � 	� �

simultaneously� Daubechies and Lagarias �
���� proved that a continuous scaling function

exists if ��A�� A�� � �� This condition is not� however� necessary and cannot be applied to

the general dilation equation where condition ��� is not satis�ed� Wang �
���� proved the

following result for the general case�

Proposition ��� Suppose the dilation equation ��� has a continuous solution� Then

�� jc�j � �� jcN j � ��





	� W � spanfvf �x� jx � 
	� ��g � RN is the minimal invariant subspace of fP�� P�g

containing vf �	� and vf ���� Moreover�

Pi
���
W
�

	
� 	
	 Ai



� i � 	� �

simultaneously with ��A�� A�� � ��

Daubechies and Lagarias �
�	�� examined the following cascade algorithm for generating

scaling functions of ����

fm�� �
NX
n��

cnfm��x� n�� f��x� � 	����	�x��

Wang �
���� proved that under the condition ��� W � RN is a necessary and su�cient

condition for the cascade algorithm to converge uniformly to a continuous solution of ����

In general� equation ��� may have a continuous solution with W �� RN �

Example� The dilation eqation

f�x� �
�

�
f��x� � f��x� �� �

�

�
f��x� �� ���

has a continuous solution

f�x� �

��
�

x� x � 
	� ��
�� x� x � ��� ��

	� x �� 
	� ���

Clearly dimW � � so W �� R
� Notice that ��� is obtained by �stretching� the equation

f�x� �
�

�
f��x� � f��x� �� �

�

�
f��x� ��

by a factor of ��

Let W be an invariant subspace of fP�� P�g� dimW � k� such that

Pi
���
W
�

	
� 	
	 Ai



� i � 	� � ��	�

simultaneously with ��A�� A�� � �� Then there exists a Q �MN �R� such that

QPiQ
�� �

	
�Pi 	
	 Bi



� i � 	� � ����

where QW � f
ut� 	�t � u � Rkg and

�Pi �

	
� 	
	 Ai



� i � 	� �� ����

�



Lemma ��� Let W be an invariant subspace of fP�� P�g such that ��� is satis�ed� Fix

v � W and for any x � 
	� �� de�ne

v�x� �
��Y
i��

Pdi�x	
�
v

where
Q

iAdi denotes to the right product Ad�Ad�Ad� � � ��

�� Let Q� �P�� �P� be as in ���� and ��	�� Then Qv�x� � 
bt�x�� 	�t where b�x� � Rk�

k � dimW� Moreover� b�x� is bounded and

b�x� � �Pd��x	 � � �
�Pdm�x	b��mx� ����

for all m � 	�

	� For any x� y � 
	� ���

b�x�� b�y� �

	
	

c��x� y�



� c��x� y� � Rk��� ����

If ��x� y� � m then

c��x� y� � Ad� � � �Admc���mx� �my� ���

where di � di�x� y��


� Let k�k be any matrix norm on Mk���R� and r � ��A�� A��� Suppose x� y � 
	� �� and

��x� y� � m� Then

jv�x� � v�y�j � C�kAd� � � �Admk � C�r
m ����

where di � di�x� y� and C�� C� are independent of x� y� m�

Proof� It is straightforward to check that

Qv�x� � Q
��Y
i��

Pdi�x	
�
Q��Qv �

	 Q�
i��

�Pdi�x	�v

	



�

	
b�x�

	




where Qv � 
�vt� 	�t� Since f �P�� �P�g is RCP� b�x� must exist and according to Proposition ���

it is bounded� Clearly� b�x� � �Pd��x	 � � �
�Pdm�x	b��mx� for all m � 	�

We observe that for any z � 
	� ���

�Y
i��

�Pdi�z	 �

	
� 	

c�z� 	




where c�z� � Rk�� is bounded� Hence for any z� w � 
	� ���

b�z�� b�w� �

	
� 	

c�z� 	



�v �

	
� 	

c�w� 	



�v �

	
	

c��z� w�




�



where c��z� w� is bounded� If x� y � 
	� �� and ��x� y� � m� then

b�x�� b�y� �

	
� 	
	

Qm
i��Adi



�b��mx�� b��my�� �

	
	Qm

i��Adic���mx� �my�



�

where di � di�x� y�� So ��� holds� Finally� since c� is bounded�

jb�x� � b�y�j � C�j
mY
i��

Adic���mx� �my�j � C�k
mY
i��

Adik�

Hence jv�x� � v�y�j � C�kAd� � � �Admk� and jv�x� � v�y�j � C�r
m follows easily from

Proposition ����

We shall prove the converse of Proposition ���� For any u � 
u�� � � � � uN���t � RN���

we denote by W�u� the minimal invariant subspace of fP�� P�g containing the vectors

v� �

�
�����

	
u�
���

uN��

�
����� � v� �

�
�����

u�
���

uN��

	

�
����� � ����

Notice that if u is an ��eigenvector of the �N � ��
 �N � �� matrix �c�i�j���i�j�N��� then

v� abd v� are ��eigenvectors of P� and P� respectively�

Theorem ��� Suppose there exists a ��eigenvector u � RN�� of M � �c�i�j���i�j�N��

such that

Pi
���
W�u	

�

	
� 	
	 Ai



� i � 	� �

simultaneously with ��A�� A�� � �� Then the dilation equation ��� has a continuous solution

f�x�� Moreover�

W�u� � span
n
vf �x�

��� x � 
	� ��
o
�

Proof� Let

v�x� �
��Y
i��

Pdi�x	
�
w

where w � W� We �rst show that by choosing a suitable w we shall have v�x� �� 	�

Let Q� �P�� �P� be as in ���� and ���� for W � W�u�� Then it follows from Lemma ���

that there exists a �w � Rk such that

Qw �

	
�w

	



� Q

� �Y
i��

Pdi

�
w �

	
�
Q�

i��
�Pdi��w

	



�

Let e � 
�� 	� � � � � 	�t � Rk� Then et is a common left ��eigenvector of both �P�� �P�� We

choose w so that et �w �� 	� This is clearly possible because �w can be any vector in Rk�

�



Thus for any binary sequence fdig�


et� 	�Q
� �Y
i��

Pdi

�
w � et

� �Y
i��

�Pdi

�
�w � et �w �� 	� ����

hence �
Q�

i�� Pdi�w �� 	�

Next we prove v�x� is continuous on 
	� ��� Let � � r � ��A�� A��� Then for x� y � 
	� ��

such that ��x� y� � m we have

jv�x� � v�y�j � C�r
m�

This immediately implies that v�x� is continuous at nondyadic points� where the dyadic

expansions are unique� It remains to be shown that v�x� is also continuous at dyadic points�

The di�culty at dyadic points comes from the non�uniqueness of dyadic expansions at

those points� namely�

	�d� � � � dm�			 � � � � 	�d� � � � dm	��� � � � �

To show that v�x� is also continuous at dyadic points we need to show

P�P
�
� w � P�P

�
� w� ����

Let v� and v� be as in ����� v� and v� are ��eigenvectors of P�� P� respectively� Because

� is a simple eigenvalue for both fP�jW�u	� P�jW�u	g� we must have

P�
� w � �v�� P�

� w � 
v�� ��	�

We want to show that � � 
 �� 	� Notice that P�v� � P�v� � v�� So

P�P
�
� w � �v�� P�P

�
� w � 
v��

From ���� we have

et �w � 
et��QP�P
�
� w � �etQv��

et �w � 
et��QP�P
�
� w � 
etQv��

hence � � 
 �� 	 and so ���� holds�

The continuity of v�x� at dyadic points follows easily from ����� Let x � 
	� �� be any

dyadic point� Then ���� implies that by substituting the lower expansion of x for the upper

expansion of x the vector v�x� remains the same� Since for any m � 	 and y � 
	� �� such

that jx� yj � ��m we have ��x� y� � m� it follows from ���� that jv�y� � v�x�j � C�r
m�

�



For any x � 
	� N� de�ne

f�x� � �
x� � ���th component of v�fxg��

�Recall that 
x� is the largest integer no greater than x and fxg � x�
x���� and let f�N� � 	�

f�x� is a solution of ���� and it is continuous at all non�integer points x � 
	� N �� But from

��	� we see that vf ��� � 
v� � 

u� 	�t� which is vf �	� � 
	� 
u�t �� � 
� shifting up by

one position� Hence� f�x� must also be continuous at integer points�

Corollary ��� The dilation equation ��� has a Cm solution if and only if there exists an

���m�eigenvector u � RN�� of M � �c�i�j���i�j�N�� such that

Pi
���
W�u	

�

	
�
�m 	
	 Ai



� i � 	� �

simultaneously with ��A�� A�� � ���m�

Proof� The dilation equation ��� has a Cm solution if and only if

g�x� �
NX
n��

�mcng��x � n�

has a continuous solution �
���� The corresponding matrices for the above dilation equation

are �mP�� �mP��

The following theorem determines the exact H�older exponent of a continuous scaling

function�

Theorem ��� Suppose the dilation equation ��� has a continuous solution f�x�� Let W�

fA�� A�g be as in Proposition 	��� Denote � � ��A�� A�� and � � � log� �� Then

�� f�x� is C��� but not C��� for any 	 � � � ��

	� f�x� is C� if and only if fA����A���g is product bounded�

Before proving Theorem ��� we shall need some preparations�

Lemma ��	 Let k�k be any matrix norm de�ned on Mn�R� and S � fu�� � � � � ung be a

basis for Rn� Then there exists a constant c � c�k�k�S� n� � 	 such that for any A �Mn�R��

jAukj � ckAk

for some k � k�A��

�	



Proof� Since all norms on Mn�R� are equivalent� without loss of generality we may assume

that kAk � supjxj�� jAxj� �j�j is the standard Euclidean norm on Rn�� Choose b � 	

su�ciently large so that

n
x
��� jxj � �

o
�
n nX
i��

aiui
��� jaij � b

o
�

For any A � Mn�R� there exists an x� � Rn such that jx�j � � and jAx�j � kAk� Let

x� �
Pn

i�� aiui� So
nX
i��

jaijjAuij � jAx�j � kAk�

Hence jakjjukj � kAk�n for some k � k�A�� So jAukj � ckAk where c � ��bn�

Lemma ��
 Under the assumptions of Theorem 	��� let 	 � r � � and let  � � log� r�

Then the scaling function f�x� � C��R� if and only if fA��r�A��rg is product bounded�

Proof� Suppose fA��r�A��rg is product bounded� Then there exists a matrix norm k�k

on MN���R� such that kA�k � r� kA�k � r� �See Proposition �����

Since f�x� is a continuous scaling function of ���� fP�jW � P�jWg is RCP and

vf �x� �
��Y
i��

Pdi�x	
�
v�

where v� � vf �	� � W� For any x� y � 
	� �� such that ��m�� � jx�yj � ��m� if ��x� y� � m

then from Lemma ����

jvf �x�� vf �y�j � C�kAd��x	 � � �Adm�x	k � C�r
m�

Hence

jvf �x�� vf �y�j �
C�r

m

��m��
� �C�

�
�

�

�m�

� �C�jx� yj��

If ��x� y� � m then we choose a dyadic z � 
	� �� such that jx� zj � ��m and jy� zj � ��m�

From Lemma ���� ��x� z� � m and ��y� z� � m� So

jx� zj � ��m � �jx� yj� jy � zj � ��m � �jx� yj�

Hence

jvf �x�� vf �y�j � jvf �x�� vf �z�j� jvf �z�� vf �y�j

� �C�jx� zj� � �C�jy � zj�

� C�jx� yj��

where C� � ����C��

��



Conversely� let Q� �P�� �P� be as in ���� and ����� Then from Lemma ���� Qvf �x� �


bt�x�� 	�t where b�x� � Rk and k � dimW � Moreover�

b�x�� b�y� �

	
	

c��x� y�



� c��x� y� � Rk���

Since

dim spanfvf �x�� vf �	� j x � 
	� ��g � k � ��

we have

spanfc��x� 	� j x � 
	� ��g � Rk���

So for some z�� � � � � zk�� � 
	� ��� fc��z�� 	�� � � � � c��zk��� 	�g is a basis of Rk���

Suppose fA��r�A��rg is not product bounded� Then for any �xed matrix norm k�k on

Mk���R� and any � � 	 there exist an m and d�� � � � � dm � f	� �g such that

k
mY
i��

Adik � �rm� ����

It follows from Lemma ��� that exists a c � 	 �independent of �� m and di� and � � l � k��

such that ���� mY
i��

Adi

�
c��zl� 	�

��� � c�rm

Let x� � 	�d� � � � dm	 	 � � � and y� � x� � zl��m��� Then ��x�� y�� � m� So

jc��y�� x��j �
���� mY

i��

Adi

�
c���my� �mx�

��� �
���� mY

i��

Adi

�
c��zl� 	�

��� � c�rm�

Hence jb�x��� b�y��j � c�rm and so jvf �x��� vf �y��j � c�c�rm for some constant c� � 	�

But jy� � x�j � ��m� so

jvf �y��� vf �x��j � c���m�log� �

r
� � c�jy� � x�j

��

Since � � 	 is arbitrarily chosen� it follows that f�x� �� C��R��

Proof of Theorem ���� For any r � 	� we have

�
�A�

r
�
A�

r

�
�

��A�� A��

r
�

�

r
�

Let � � 	 and r � ������	 � ���� Since r � ��A�� A��� fA��r�A��rg is product bounded�

Hence f�x� � C� log� r�R� � C����R�� Similarly� let r � ������	 � ���� Then fA��r�A��rg

is not product bounded� Hence f�x� �� C� log� r�R� � C����R�� The second part of

Theorem �� is a direct consequence of Lemma ����

��



� Dilation Equations with Integrable Solutions

It is shown in 
��� that the dilation equation ��� has an L� solution if fP�� P�g is RCP� We

prove the following stronger result�

Theorem ��� Assume that
P

n cn � �� If fP�� P�g is product bounded� then the dilation

equation ��� has a bounded solution�

Proof� We �rst prove that ��� has an L� solution� Let f��x� � 	����	�x� and

fn�x� �
NX
k��

ckfn����x� k��

Notice that supp�fn� � 
	� N � and for any x � 
	� ���

vfn�x� � Pd��x	Pd��x	 � � �Pdn�x	vf���
nx�� ����

Hence there exists a C � 	 such that jfn�x�j � C for all x and n�

Consider the Fourier transform of fn�x�

�fn��� �

Z
R

e�ix�fn�x� dx

�

Z
R

e�ix�
NX
k��

ckfn����x� k� dx

� P �
�

�
� �fn���

�

�
�

where P ��� �
�

�

NX
k��

cke
�ik�� Thus

�fn��� �
� nY
k��

P �
�

�k
�
�

�f��
�

�k��
��

Since �f���� � ��� e�i���i�� it follows that as n����� �f�����n������ uniformly on any

compact subset of R� Hence

lim
n���

�fn��� �
�Y
k��

P �
�

�k
� � ����

uniformly on any compact subset of R� �The uniform convergence of
Q�

k�� P ����k� on

compact sets is established in 
���� Let S � R be any compact subset of R� ThenZ
S
j����j� d� � lim

n���

Z
S
j �fn���j� d�

� lim sup
n���

Z
R

j �fn���j� d�

� lim sup
n���

Z
R

jfn�x�j� dx

� C�N�

��



Hence ���� � L��R�� Let f�x� be the inverse Fourier transform of ����� Then f�x� � L��R��

and from Paley�Wiener Theorem f�x� is compactly supported �
���� Since the Fourier

transform of f�x��
PN

k�� ckf��x� k� is 	� It follows that f�x� must be a solution of ����

We prove f�x� must be bounded� Since fP�� P�g is product bounded� there exists a

norm k�k on RN such that kPixk � kxk for i � 	� � and all x � RN � For any b � 	 let

Sb �
n
x � 
	� ��

��� kvf �x�k � b
o
�

Since vf �x� � Pd��x	vf ��x�� it follows that x � Sb implies �x � Sb� Hence Sb is invariant

under � � But � is ergodic� so 
�Sb� � 	 or 
�Sb� � � where 
 is Lebesgue measure on R�

So 
�Sb� � 	 for a su�ciently large b � 	� Therefore f�x� must be bounded�

Remark� We have actually proved a stronger results than 
�Sb� � 	 for some b � 	� We

have shown that kvf �x�k � b� a�e� where b� � inffbj
�Sb� � 	g� This implies that vf �x�

must lie on the sphere kxk � b��

Corollary ��� Assume that
P

n c�n �
P

n c�n�� � �� If cn � 	� then the dilation equa�

tion ��� has a bounded solution�

Proof� Because both P� and P� are column stochastic� all products of them are also column

stochastic and non�negative� So fP�� P�g must be product bounded�

Theorem ��� Assume that
P

n cn � �� Suppose there exists an invariant subspace W �

RN of fP�� P�g such that

�i� fP�jW � P�jWg is product bounded�

�ii� there exists a v � 
v�� v�� � � � vN �t � W such that
PN

i�� vi �� 	�

Then the dilation equation ��� has an L� solution�

Proof� De�ne

f��x� �

�
vk x � 
k � �� k��
	 x �� 
	� N��

Then vf��x� � v for x � 
	� ��� Let

fn�x� �
NX
k��

ckfn����x� k�� n � 	�

As in Theorem ���� we have supp�fn� � 
	� N � and for any x � 
	� ���

vfn�x� � Pd��x	Pd��x	 � � �Pdn�x	v�

��



Notice that f��x� �
PN

i�� vi	�i���i	�x� and �f���� �
PN

i�� vi �� 	� Therefore the same ar�

gument used in the proof of Theorem ��� will show that the inverse Fourier transform of

limn��
�fn��� is an L� solution to ����

We are unable to show that under the assumption of Theorem ��� there exists a bounded

solution of ���� although such is likely the case� The main di�culty is to show that vf �x� �

W for almost all x�

Theorem ��� Assume that all proper invariant subspaces of fP�� P�g are contained in the

subspace

V� �
n


x�� x�� � � � � xN �t
��� NX
i��

xi � 	
o
� ����

Then ��P�� P�� � � is a necessary condition for the dilation equation ��� to have an L�

solution�

Notice that if
P

n c�n �
P

n c�n�� � �� then V� is an invariant subspace of fP�� P�g�

Lemma ��� Let A � Mn�R� and k�k be a norm on Rn� Suppose j�j � � � 	 for all

eigenvalues � of A� Then there exists a constant c � c�k�k� A� �� � 	 such that

kAmxk � c�mkxk� ����

Proof� We only need to show that for all m � 	�

inf
kxk��

kAmxk

�m
� c � 	� ���

Let B � A��� Then B is expansive� namely all eigenvalues of B have modulus strictly

greater than �� Thus there exists an m� � m��k�k� A� �� � 	 such that Bm�U�  U where

U � fx � Rnjkxk � �g for all m � m�� So for any x with kxk � �� kBmxk � � for all

m � m�� Let

c � inf
kxk���m�m�

kBmxk�

Then infkxk�� kB
mxk � c for all m� ��� follows immediately�

Lemma ��	 Suppose all proper invariant subspaces of fP�� P�g are contained V� and ���

has an L� solution� Let d�� � � � dk � f	� �g and ��Pd� � � �Pdk� � � � 	� Then there exists a

constant c � 	 such that



�n

x � 
	� ��
��� j�Pd� � � �Pdk�mvf �x�j � c�m for all m � 	

o�
� 	�

�



Proof� Since
R
R
f�x� dx �� 	 �
�	��� we see that there exists a J � 
	� �� and 
�J� � 	 such

that vf �x� �� V� for all x � J � Let S � 
	� �� such that 
�S� � �� Then S� � S is invariant

under � and 
�S�� � � where

S� � S n
��

m��

�m�
	� �� n S��

This implies span fvf �x�jx � S�g is an invariant subspace of fP�� P�g� But vf �x� �� V� for

x � J � S� �� �� So span fvf �x�jx � S�g � RN and hence

span
n
vf �x�

��� x � S
o

� RN � ����

Denote Q � Pd� � � �Pdk � Let f��� � � � � �sg be the spectrum of Q� Then

CN � W�� � � � � �W�s

where

W�i �
n
x � CN

��� �Q� �iI�mx �  for some m
o
�

Let W � � RN � �
L

j�ij��W�i� and W � � RN � �
L

j�ij��W�i�� Then

RN � W � �W ��

De�ne the following norm k�k on RN � for any x � y � z where y �W � and z �W ��

kxk � jyj � jzj�

Then from Lemma �� there exists a c� � 	 such that

kQmxk � kQmy � Qmzk � jQmyj� jQmzj � jQmyj � c��
mjyj�

For n � 	 let

Sn �
n
x � 
	� ��

��� vf �x� � y� � y�� yi �W i� such that jy�j �
�

n

o
�

It follows from ���� that 
�
S
n Sn� � 	� Hence there exists an n� � 	 such that 
�Sn�� �

� � 	� For any x � Sn� �

kQmvf �x�k � kQmy� � Qmy�k � c��
mjy�j �

c�
n�

�m�

Let c � c��n�� We have



�n

x � 
	� ��
��� j�Pd� � � �Pdk�mvf �x�j � c�m for all m � 	

o�
� 	�

��



Proof of Theorem ���� Assume that ��P�� P�� � b � �� Then there exist d�� � � � dk �

f	� �g such that ��Pd� � � �Pdk� � bk� Choose c � 	 so that 
�S� � 	 where

S �
n
x � 
	� ��

��� j�Pd� � � �Pdk�mvf �x�j � cbkm for all m � 	
o
�

Let Tm be the subset of 
	� �� that contains all x s such that �kmx � S and the �rst km

digits in the dyadic expansion of x are

d� � � � dkd� � � � dk � � � d� � � � dk� �z �
km

�

Clearly 
�Tm� � 
�S���km�Z
Tm

jvf �x�j dx �
�

�km

Z
S
j�Pd� � � �Pdk�mvf �y�j dy

�
�

�km
� c � bmk
�S�

� c
�S�
� b

�

�mk

�

But �b���km��� as m���� This contradicts the assumption that f�x� � L��R��

In what follows we examine the relationship between ���A�� A�� and L� solution of the

dilation equation ���� Recall that given � � fA�� � � � � Apg � MN �R�� ����� is the mean

spectral radius de�ned in ����

Lemma ��
 Suppose A�� A� �MN �R� and ���A�� A�� � �� Let k�k be a �xed matrix norm�

For any x � 
	� �� de�ne

g�x� � kAd��x	k� kAd��x	Ad��x	k� � � � �
�X
n��

kAd��x	 � � �Adn�x	k

Then g�x� �� for almost all x � 
	� ��� Furthermore� g�x� � L��
	� ����

Proof� Since ���A�� A�� � �� there exist constants c � 	 and �� ���A�� A�� � � � �� such

that for all m�
�

�m

X
d������dm

kAd� � � �Admk � c�m

where the summation
P

d������dm
is taken over all �d�� � � � � dm� � f	� �gm� Let

gm�x� �
mX
n��

kAd� � � �Adnk�

For any �xed x � 
	� ��� fgm�x�g is an increasing sequence and

Z �

�
jgm�x�j dx �

mX
n��

Z �

�
kAd��x	 � � �Adn�x	k dx

��



�
mX
n��

X
d������dn

� �

�n
kAd� � � �Adnk

�

�
mX
n��

c � �n

�
c

�� �
�

Thus it follows from the Monotone Convergence Theorem thatZ �

�
jg�x�j dx � lim

Z �

�
gm�x� dx �

c

�� �
�

Hence g�x� � L��
	� ��� and g�x� �� almost everywhere�

Theorem ��� Suppose
P

n c�n�m � � and ���A�� A�� � � where

Pi �

	
� 	
ci Ai



� i � 	� ��

simultaneously� Then the dilation equation ��� has an L� solution�

Proof� Let f��x� � 	����	�x� and

fn�x� �
NX
k��

ckfn����x� k�� n � 	�

We have supp �fn� � 
	� N � and for any x � 
	� ��� Let Q �MN �R� such that

QPiQ
�� �

	
� 	
ci Ai



� i � 	� ��

Then

vfn�x� � Pd��x	Pd��x	 � � �Pdn�x	vf���
nx�

� Q��

	
� 	

bn�x� Bn�x�



Qv�

where v� � vf��x� � 
�� 	� � � � � 	�t� It is easy to verify that Bn�x� � Ad��x	Ad��x	 � � �Adn�x	

and

bn�x� � cd��x	 � Ad��x	cd��x	 � � � �� Ad��x	Ad��x	 � � �Adn���x	cdn�x	�

Let jbij � c� i � 	� �� Then

jbn�x�j � c �
n��X
m��

kAd� � � �Admk�

��



Hence it follows from Lemma ��� that bn�x��b�x� � L��R� and Bn�x��	 as n�� for

almost all x � 
	� ��� Let

vf �x� � Q��

	
� 	

b�x� 	



Qv��

Then

lim
n��

vfn�x� � vf �x� a�e�

and vf �x� � L��
	� ���� Therefore f�x� must be L��

Theorem ��� Assume that
P

n cn � �� Let W � RN be an invariant subspace of fP�� P�g

such that

�i�

PijW �

	
� 	
	 Ai



� i � 	� �

simultaneously with ���A�� A�� � ��

�ii� there exists a v � 
v�� v�� � � � vN �t � W such that
PN

i�� vi �� 	�

Then the dilation equation ��� has an L� solution�

Proof� De�ne

f��x� �

�
vk� x � 
k � �� k�
	� x �� 
	� N�

Then vf��x� � v for x � 
	� ��� Let

fn�x� �
NX
k��

ckfn����x� k�� n � 	�

As in Theorem ���� we have supp�fn� � 
	� N � and for any x � 
	� ���

vfn�x� � Pd��x	Pd��x	 � � �Pdn�x	v�

So vfn�x� � W� Notice that

Z
R

fn�x� dx �

Z
R

f��x� dx �
NX
i��

vi �� 	�

So the same argument for proving Theorem ��� proves fn�x��f�x� a�e� for some f�x� �

L��R� and f�x� is a solution of ����

Conjecture�� Assume that
P

n c�n�m � � and let V� be as in �	
�� Suppose all proper

invariant subspaces of fP�� P�g are contained in V�� Then a necessary and su�cient con�

dition for the dilation equation ��� to have an L� solution is ���A�� A�� � ��

�This conjecture has recently been settled by Lau and Wang �������

��



Example� Consider the following dilation equation

f�x� � af��x� � f��x� �� � ��� a�f��x� ��� ����

��A�� A�� � maxfjaj� j�� ajg and ���A�� A�� � �jaj� j�� aj���� Hence equation ���� has a

continuous solution if and only if 	 � a � �� For ���� � a � ���� ���� has an L� solution�

� Fractal Dimension of a Continuous Solution

The fractal properties of scaling functions were discussed in many papers �e�g� 
��� 
�	�� 
����

In 
��� Berger linked a continuous solution of ��� to an iterated functions system �IFS�� and

in 
�	� an estimate of the box dimension of a continuous scaling function was given�

Recall that the box dimension �or fractal dimension� is de�ned as follows� For any

compact set E � RN � the box dimension of E is

dimB�E� � inf
n
s � 	� lim sup

����
bs��E� � ��

o
�

where

bs��E� � inf

�X
i

�s
��� E � �Bi� diamBi � �

�
�

Let N ���E� be the minimal number of balls of radius � required to cover E� Then we have

�see 
����

dimB�E� � lim sup
����

logN ���E�

� log �
�

Note that the box dimension dimB�E� of E di�ers from the Hausdor� dimension dimH�E��

which is typically much harder to compute and which is de�ned as

dimH�E� � inf
n
s � 	� lim sup

����
hs��E� � ��

o
�

where

hs��E� � inf

�X
i

�diamBi�
s
��� E � �Bi� diamBi � �

�
�

The box dimension of the graph of a function has been studied before� A classical result

by Falconer�
���� is that if f�x� is C� where 	 � � � �� then

dimB�graph of f� � �� ��

Before we establish an exact formulae for the box dimesion of a continuous scaling function��

we shall need the following result� proved by Deliu and Jawerth �
�����

�	



Theorem ��� Let Sn � f
j��n� �j � ����n�� 	 � j � �ng� For any continuous function

f � 
	� ���RN and an interval I � 
	� �� de�ne

oscI�f� � sup
x�y�I

jf�x�� f�y�j�

Then

dimB�graph of f� � lim sup
n���

log��

�P
I�Sn oscI�f�

�
n

� ��

�Here log�� x � max�log� x� 	� for x � 	� and log�� 	 � 	��

Theorem ��� Suppose f�x� is a continuous solution ofthe two�scale dilation equation ���

and W � spanfvf �x��x � 
	� ��g� Let

Pi
���
W
�

	
� 	
	 Ai



� i � 	� �

simultaneously with ��A�� A�� � �� Then

dimB�graph of f� � max
n

�� � � log� ���A�� A��
o
�

Proof� By using Theorem ��� it is rather standard to prove that

dimB�graph of f� � dimB�graph of vf ��

So we only need to prove

dimB�graph of vf � � max
n

�� � � log� ���A�� A��
o
�

Let I � 
j��n� �j � ����n� � Sn and let j��n have dyadic expansion

j��n � 	�d� � � � dn	 � � � �

Then di�x� � di� � � i � n� for all x � I� Let k � dimW and let Q� c��x� y� � Rk�� be as

in Lemma ���� It follows from Lemma ��� that

oscI�Qvf � � sup
x�y�I

jAd� � � �Adnc���nx� �ny�j � sup
x�y������

jAd� � � �Adnc��x� y�j�

But c��x� y� is bounded and spanfc��x� y� jx� y � 
	� ��g � Rk��� So let k�k be a matrix

norm on Mk���R� then there exist constants c� � c� � 	 such that

c�kAd� � � �Adnk � oscI�vf � � c�kAd� � � �Adnk�

c�
X

d������dn

kAd� � � �Adnk �
X
I�Sn

oscI�vf � � c�
X

d������dn

kAd� � � �Adnk ����

��



where the summation is taken over all �d�� � � � � dn� � f	� �gn� It follows from Theorem ���

that

dimB�graph of vf � � lim sup
n���

log��

�P
I�Sn oscI�vf �

�
n

� �

� lim sup
n���

log��

�
c�
P

d������dn
kAd� � � �Adnk

�
n

� �

� lim sup
n���

log��

� X
d������dn

kAd� � � �Adnk
� �

n � ��

and �similarly from the second half of �����

dimB�graph of vf � � lim sup
n���

log��

� X
d������dn

kAd� � � �Adnk
� �

n � ��

So we have

dimB�graph of vf � � lim sup
n���

log��

� X
d������dn

kAd� � � �Adnk
� �

n

� �

� lim sup
n���

log�� �
� �

�n

X
d������dn

kAd� � � �Adnk
� �

n � �

� log�
�
����A�� A��

�
� �

� max
n

�� � � log� ���A�� A��
o
�

Example� Consider the dilation equation

f�x� � af��x� � f��x� �� � ��� a�f��x� ��

where ��� � a � �� ��A�� A�� � maxfa� �� ag � a and ���A�� A�� � ���� The equation has

a continuous scaling function that is C� where � � � log� a� Using Falconer s estimate we

only get

dimB�graph of f� � � � log� a

while in fact we have

dimH�graph of f� � dimB�graph of f� � ��

�Note that dimH�E� � dimB�E���

��
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