A CLASS OF SELF-AFFINE AND SELF-AFFINE MEASURES

DE-JUN FENG AND YANG WANG

1. INTRODUCTION

Let T = {¢;}}]L, be an iterated function system (IFS) consisting of a family of contractive
affine maps on R%. Hutchinson [8] proved that there exists a unique compact set K = K (Z),
called the attractor of the IFS Z, such that K = U;”Zl ¢j(K). Moreover, for any given
probability vector p = (p1,...,pm), i.e. p; > 0 for all j and Z;”:l pj = 1, there exists a

unique compactly supported probability measure v = vz such that
m

(1.1) V:ijl/o¢j_1.
j=1

This paper is devoted to the study of fundamental properties of a class of self-affine sets and

measures, such as the L? spectrum, the Hausdorff dimension and the entropy dimension.

It is well known that problems concerning self-affine sets and measures are typically
difficult. Questions that may be trivial in the self-similar setting are often intractable in
the self-affine setting. A telling example is calculating the Hausdorff and box dimensions of
the attractor of an IFS 7 = {¢; 7. If all ¢; are similitudes and 7 satisfies the so-called
open set condition (OSC) the Haudorff dimension and the box dimension of the attractor

K(Z) agree, and they are easily computable by the formula

m .
> pm =1
j=1

where p; denotes the contraction ratio of ¢;, see e.g. Falconer [3]. Even without the open set
condition the dimension of K(Z) can often be computed if Z belongs to a more general class
called the finite type IFS, see e.g. Lalley [11] and Ngai and Wang [18] and the references

therein. However this is no longer the case when ¢; are affine maps. Even under the open
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set condition we know how to compute the Hausdorff dimension of K(Z) only for very
special Z’s, and for which the solutions are quite nontrivial. McMullen [16] and Bedford
[1] independently computed the Hausdorff and box dimensions of K (Z) for Z = {¢;}]., in
which all ¢; have the form

(1.2) 6;(x) = [”01 kol] T+ {‘gjm

where all a;,b; are integers, 0 < a; < n and 0 < b; < m. They found that the Hausdorft
dimension and the box dimension are not the same in general. Lalley and Gatzouras [12],
in a highly technical paper along the same spirit of [16], computed the Hausdorff and box
dimensions for a broader class of IFS 7 = {¢; 7Ly, in which ¢; map the unit square (0,1)2
into disjoint rectangles having certain geometric arrangement inside the unit square. More
precisely, in the Lalley-Gatzouras class all rectangles ¢;((0,1)?) are parallel to the axes and
have longer sides parallel to the z-axis. Furthermore once projected onto the z-axis these
rectangles are either identical or disjoint. Aside from a few other special cases such as the
graph-directed McMullen class studied by Kenyon and Peres [9], the Lalley-Gatzouras class

(which inculdes the McMullen class) remains the only substantial class of true self-affine

sets whose Hausdorfl and box dimensions are known.

We focus on the L? spectrum and the Hausdorff and entropy dimensions of a self-affine
measure in this paper. These quantities are important basic ingredients in the study of
fractal geometry, particularly in the study of multifractal phenomena. As a by-product we
also obtain results on the dimension of the self-affine sets. Let v be a compactly supported
measure in R? and ¢ € R. For each n > 1 let D,, be the set of cubes {[0,27")? +a: a €
277}, The LY spectrum of v is defined as
(1.3) T(v,q) = nlggo ICN_g,":L()Igzq)’ where 7,(v,q) = Z 1(Q),

Q€D
if the limit exists. Related to 7(v, ¢) are the LY dimension D(v, q) and the entropy dimension

h(v) of v, defined respectively by

(1.4) D(v,q) == Tq@
and
(1.5) h(v) = lim >_ep, ¥(Q)log(1/v(Q))

n—00 n log 2
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if the limit exists. For a similarity IFS Z = {¢; 7, with the open set condition and any
probability vector p the L? spectrum of v = vz, is known to be analytic for ¢ € R, given

by the equation
m

(1.6) S oplp P =1,
j=1

where p; denotes the contraction ratio of ¢;, see Cawley and Mauldin [2] and Olsen [19].

Moreover, the Legender transform 7*(v, ) of 7(v, q) given by

(1.7) (v, a) == inf{qa —7(v,q): q€ ]R}

equals the Hausdorff dimension of the set

K(a):= {:L" € supp (v) : Tlir(r)1+ logl/k()s;(x)) = a}.
For a self-similar measure without the open set condition, however, the L? spectrum is
generally difficult to obtain and is calculated for only a few special cases, see [13, 4, 5, 14].
One important such special case is the class of finite type IFS’s ([18]), a substantially larger
class than the class with the OSC. For a finite type IFS in R, Feng [6] expressed 7(v,q)
via products of certain nonnegative matrices, and proved that 7(v,q) is differentiable for

q € (0,00).

As one would expect, even less is known about the L? spectrum and the Hausdorff and
entropy dimensions of a self-affine measure. King [10] calculated 7(v, q) for v = vz, where
the IFS 7 is in the McMullen class (1.2). He gave a detailed multifractal analysis for such
measures. Olsen [20] generalized King’s results to dimensions d > 3. Peres and Solomyak
[21] proved the existence of 7(v,q) and h(v) for the class of self-conformal measures, and

asked whether they also exist for all self-affine measures.

In this paper we calculate the L? spectrum and the entropy dimension for a class of
self-affine measures in R%. This class of self-affine measures vz p Tequires only that the
underlying IFS’s 7 = {¢;}71, satisfy the rectangular open set condition (ROSC). It is a
much larger class than the McMullen class studied in [10] and the Lalley-Gatzouras class.
Simply speaking, Z = {¢; Ly in R? satisfies the ROSC if there is an open rectangle T
such that the maps ¢; map T into disjoint rectangles parallel to the axes inside 1. As
an application we obtain the formula for the box dimension of K(Z) under the ROSC as

well as the Hausdorff dimension of vz, under some additional assumptions. Our results on
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the box dimension can be viewed as an extension of the box dimension results by Lalley
and Gatzouras [12]. The techniques we employ here are different from those in any of the

previous studies mentioned in the paper.

2. STATEMENT OF MAIN RESULTS

We first introduce some definitions and notations. The dimension in the rest of the paper
will be set to d = 2, although most of the definitions extend easily to higher dimensions.
Let 7 = {¢; 9":1 be an affine IFS in R%. Throughout this paper we shall always assume that
oj(z) = (ajz + ¢j,bjy + d;) with 0 < aj, b; < 1 for all j. Thus each ¢; maps any square
(0, R)? + v to a rectangle parallel to the axes.

Definition 2.1. We say that 7 = {gzbj};-”:l satisfies the rectangular open set condition
(ROSC) if there exists an open rectangle 7' = (0, R1) x (0, R2) + v such that {¢;(T)}7",

are disjoint rectangles parallel to the axes inside T

For a self-affine measure v = vz, associated with Z and probability vector p we shall
define the projections v* and 1Y of v onto the z- and y-axes, which we rely on heavily in this
paper. Let Z% := {m o0 ¢;om, '} and 7V := {m, 0 ¢; o7ry_1} be the projections of Z, where 7,
and 7, are the canonical projections of R? onto the z- and y-axes, respectively. It is also easy
to check that in our setting both Z% and Z¥ are well-defined. In fact m,0¢;0m, 1 (2) = ajz+c;
and 7, o ¢; o 7ry_1(y) = bjy +d;. We define v* = vzs p and 1Y = vzy p. It is easy to check

that v* =von, ! and ¥ =vo 7ry_1. For any d = (dy,da, ... ,dy,) we use I'(d) to denote

(2.1) r(d) = {t: (brotoyeeostm) s 1520, 0 =1, 3 dyt zo}.

Our main theorem concerning the L? spectrum of v is:

Theorem 2.1. Let T = {¢;}72, be an affine IFS in R? satisfying the ROSC, with ¢j(x,y) =
(ajx + ¢j,bjy +dj) and 0 < aj,b; < 1 for all j. Let p = (p1,p2,...,Pm) be a probability
vector. Then the LY spectrum of v = vz p is 7(v,q) = min(f,, 0y), where
; . 251 tj<—10gtj —7(¥,q)(logb; —loga;) + qlogpj)
“ tell%e“) Z;nzl t; log a; ’
>t (* logt; — 7(v", q)(log a; —logb;) + qlogpj>
teT(ed) Z;n:l tjlogb;

9
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with e® = (log(by/a1),log(bs/as), . .., 10g(bm/am)) and e® = —e®.

We point out that if a; < b; for all ¢ then the set I'(e’) is empty, and if so we have

7(v,q) = 0,. In fact we prove:

Theorem 2.2. Under the hypotheses of Theorem 2.1, assume furthermore that a; < b; for
all j. Then 7(v,q) satisfies
m

(22) Za;(yy7Q)_T(V7q)bj_T(Vyvq)p“]]‘ =1.

j=1
Theorem 2.2 allows us to easily calculate the LY spectrum if 7(v*, q) is known, which is
the case if Z is in the McMullen or Lalley-Gatzouras class. Moreoever, Theorem 2.1 allows
us to calculate 7(v, q), at least in theory, if the projections of Z onto the two axes are of finite
type by the result of Feng [6], making the L? spectrum computable at least in theory for a
considerably larger class of IFS’s than the Lalley-Gatzouras class. We shall give examples

in these settings later on.

One of the applications of the above two theorems is calculating the box dimension of
K = K(Z). It is easy to see that K = supp (v) and by definition dimpg(K) is simply —7(v, 0).
Therefore we also obtain as a bonus of Theorems 2.1 and 2.2 a formula for dimp(K’). Other
than the Lalley-Gatzouras class, dimp(K) is easily computable when all a; > b; and the
projection 7, (K) has dimension 1; it is given by

(23) Zb?imB(K)flaj — 1

j=1
Another application of the theorems is computing the Hausdorff dimension of a self-affine
measure. Let v be a finite Borel measure in R%. It is said to be ezactly dimensional if there

exists a constant ¢ such that

1 B
lim 7ogy( () =c v—ae z€RY
7—0 log r
Ngai [17] proved that if 7(v, q) is differentiable at ¢ = 1 then v is exactly dimensional, and

dimg(v) = ¢ = d%T(y, 1). As a corollary of Theorem 2.2 we obtain a Ledrappier-Young

type formula (see [15]) for dimy(v):
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Theorem 2.3. Under the hypotheses of Theorem 2.2, if T(v*,q) is differentiable at g = 1

then so is T(v,q), and

> je1pjlogpj +dimpy (v®) 30, pj(logb; — logay)
> iL1pjlogb; '

In particular if a; = a and bj = b for all j then

dimpy(v) =

2_j=1pjlogp;

logb —loga
logb '

dimg(v) = v
H(V) u(v') — 2h
Our technique can also be used to study the entropy dimension, which for a Borel measure

v is defined in (1.5). It is known [21] that the entropy dimension exists for all self-similar
(in fact self-conformal) measures. We determine the entropy dimension for the self-affine

measures with ROSC:

Theorem 2.4. Let v be the self-affine measure in Theorem 2.1. Then

h(v®) 320 pi(logbj —logaj) + 377" pjlog p;
Z;rlzl Dpj 10g bj ’

if 351 pj(loga; —logb;) >0
h(v) =
h(v¥) 3270, pj(log a; —logby) + -7 pjlogp;
> i1 pjloga;

,  otherwise.

3. SOME COMBINATORIAL RESULTS

We establish two combinatorial results that will be needed to prove our main theorems

in this paper.

First let us introduce some notations on symbolic spaces. These notations are mostly
standard. We use ¥ = X(m) to denote the alphabet {1,2,...,m}. Whenever there is no
ambiguity we shall use ¥ rather than X(m), as m is usually fixed in this paper. The set of
all words in % of length n is denoted by X", with ¥X* := UnZO ¥" and £V being the set of
all one-sided infinite words. Here we adopt the convention that 3X° contains only the empty
word ). Associated with X* are two actions: The left shift action o and and the right shift
action 4, defined respectively by (@) = §(0)) = () and

o(igig i) = dg-- - ig, §(iqin - -ig) = i1 ip_1

for each i1y -- -1 € X* with k > 1.
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We shall use boldface letters i,j,1 to denote elements in ¥* or Y. For each sequence
a = (a;)L; we may extend it to a function fa : X* — R by fa(0) = 1 and fa(i) = a;, - - a;,
for i =41 ---ix. Most of the time, because there is no ambiguity, we shall use the simplified

notation a; in place of fa(i).

The above are general purpose notations. Now we introduce some that are specific to
this paper. Suppose that a = (aj)gnzl and b = (bj)}”:1 are two sequences with 0 < a;, b; <1
for all j. For any 0 < r < 1 let

A, = A.(a,b) = {i € X% agy =1, by =, min (ag,by) < r}

and
At =lic A : a;<b}, A :={icA : a > b}

Suppose that ¢ = (cj);-”:l is another sequence of positive real numbers. The objective of

this section is to evaluate several limits. Set

lo s pa Ci
0% = 0%c):= lim M, and
r—0+ log r
lo : Ci
o' = ©c):= lim M.
r—0+ logr

Similarly, for any probability vector p = (p1,p2,- -, Pm) set

s 1a Pi lOg ¢
0 = Q%ec,p):= lim @ and
r—0+ log r
- a6 Pilog ¢
Qb = Q%c,p):= lim M.
r—0+t logr

We prove the following results:

Proposition 3.1. Given sequences a = (a;)jL; and b = (b;)7; with all aj, bj in (0,1) let

e = (log(by/ai1),log(ba/as), ... ,log(bm/am)) and e’ = —e®.
(i) If aj < bj for some 1 < j < m then ©%(c) exists, and
T ti(—logt; + logc;
0%(c) = inf 23_1 ](m glj g J),
tel(e®) > jeitjloga
where I'(e®) is defined in (2.1).
(ii) If a; > bj for some 1 < j < m then ©°(c) exists, and
" ti(—logt; + log e,
@b(c): i Z]_1 J(m gLy g J)
tel'(e’) > j—1tjlogb;
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(iii) ©%(c) (resp. ©°(c)) is continuous with respect to c if it exists.

Proposition 3.2. Under the assumptions of Proposition 3.1, and let p be a probability

vector.

(i) If X271, pj(logbj —loga;) > 0 then

> i1 pjloge;
>ty pjloga;’
(ii) If 3772, pj(logb; —loga;) < 0 then

> ;o1 pjloge;
Z;nﬂ pjlogb;’
(i) If >°5~, pj(logb; —logaj) = 0 then

Q%ec,p) = and Q(c,p) = 0.

Q(c,p) = and Q%c,p) =0.

2ic Az Pilog(bi/ai) >iean Pilog(ai/by)
) = 0= - and
log r log r
logr >ty pjloga;

We need to first prove some lemmas. For any i = iqig---i, € ¥* let [i] C YN denote the
i-cylinder

[i] := {jijojz--- €V : jp =g for 1 <k <n}.
Lemma 3.3. For any 0 <r <1, {[i]: i€ A} is a partition of TN.
Proof. It is clear that {[i] : i € A,} are distinct subsets in V. Furthermore, for any

j = jijejs--- € IV there exists a smallest n such that min(aj, ---aj,, bj, ---b;,) < 7.

Therefore j € [j1 -+ jn) and [j1 - - - jn] € Ar. This proves the lemma. |

Lemma 3.4. Let n =ny +ng + -+ -+ n,, with each nj € N. Then

1 n! “ logn
Dig(— Y= S gty 4 0,
n 08 nilng! - - - nyy,! jz;] oglj + n

"
where t; = —.
n

Proof. We apply the Stirling’s formula log(q!) = qlogq¢—q+ % log g+ O(1). Thus log(n!) =
nlogn —n+ O(logn) and

Jj=1 Jj=1 J=1
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Now logn; = log(tjn) = logt; + logn. It follows that

1 n! B “ n;logn; logn
EIOg(nllng!...nm!) N logn—; n +O( n )
= 1
= —thlogtj—i—O( Oin)

j=1
|
For each i = i1ip - - - i, € ¥* we use |i| = n to denote the length of i and [|i|; = #{k : iy, =

j} to denote the number of occurences of the letter j in i.

Lemma 3.5. There exists a constant C > 1 such that C~1logr=! < [i| < Clogr~! for any
0<r<iandi€A,.

Proof. Let s; = max{a;,b; : 1 < j < m} and s = min{a;,b; : 1 < j < m}.
Then we have s‘i‘ < a4, b < s‘jrl for any i € ¥*. The lemma follows by setting C' =
max (|log s_|, |log s |~! + |log2| ™). Note that the condition 0 < 7 < 5 can be replaced
with 0 < r < rg for any fixed rg < 1. [ |

Proof of Proposition 3.1. We shall prove part (i) of the proposition only, as part (ii)
follows from an identical argument and part (iii) is rather obvious. To prove (i) we estimate
the sum ) 40 Gi-

For any i = iyig---i, € A® we observe that i’ = ji, is also in A%, where j is any
permutation of §(i) = iy ---i,—1, which gives ¢; = ¢y. The number of distinct such i’ is

precisely (n — 1)!/T[jL; n;! where n; := [5(i)|;. Let

) (n—1! ¥4 n, 1
T40) == || ¢’ = — cy
H;n:1 n]' j=1 ’ Cin i/gj;n l
where j runs through all permutations of §(i). We prove that for sufficiently small r we
have
1
(3.1) sup T'(i) < Z ¢ < O(log™ 1) sup T(i).

max {c;} jeAe oy icAa

The left inequality is clear. To see the right inequality we have from Lemma 3.5 that
lif < Clogr~! for any i € A% When i runs through A% the number of distinct vectors
(16(1)|1,16()]2, - »[6(1)|m) is bounded by (Clogr=—1)™ = O(log™r~!). Also there are at

most m choices for the last letter of i. The right inequality in (3.1) then follows.
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Now for any i = i1+ ipiny1 € A® set t; = 22 where n; = |§(i)|; and n = [§(i)|. By
Lemma 3.4,
logT(i) & logn
" :Z(—tjlogtj+tj10ng)+O< ” )
j=1

On the other hand we have a; = H;n:1 Ta;, <1< H] 1a;’. Hence
—logr it‘lo a‘+0<10gn)
no = 77084 n /

Combining the two estimates yields

log T'(i) Z;”:l (_tj logtj +t;log Cj) n O(log n)

3.2 =
(3:2) logr > i tiloga; n
The condition a; < b; is equivalent to
in
(3.3) th logb; + n+1 > th loga; +
7j=1 7j=1
The proposition follows from (3.2) and (3.3), by letting n tends to co. |

We now prove Proposition 3.2. We will need to invoke the following Large Deviation

Principle:

Lemma 3.6 (Large Deviation Principle). Let p = (p1,...,pm) be a probability vector. For
any € > 0 there exists an N = N(g) > 0 such that ZiEBn(e) pi < e ™ for all sufficiently

large n, where

(3.4) Bo(e) := {i exn . ]”9 —pJ] }
with ¥ = ¥(m).
Proof. Standard. |

Proof of Proposition 3.2. As with Proposition 3.1, we prove (i) only. The others are

proved using identical arguments.

Assume that » 7", pj(logb; —loga;) = d > 0. For any 1 > 0 let & = e(n) = /M where

m
M = QmZ(llogcﬂ + |loga;| + |log b;|).
j=1
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Then it is easily verified that for any i € X" \ B,,(¢) we have
1 m
‘ﬁlogci — ijlogcj‘ <,
7j=1
as well as
1 = 1 -
‘Elogai — ijlogaj‘ <n, ‘Elogbi — ijlogbj‘ <.
7=1 7=1
Therefore
loge;  2.je1pjloge;

3.5 = + O(n).
(35) loga; 377", pjloga; ()

Note that for this € > 0 there is an N(e) > 0 such that } ;5 (o) pi < e~ "N for all n > ny.

By Lemma 3.4, for any i € A, we have C 'logr=! < |i| < Clogr~'. Let r > 0 be
sufficiently small so that C~tlogr~! > ng. We now decompose A, into A1 and A, > with
A'r,l = Ar \ Ar,27 and r2 - -A'r U B
n>1

log ¢;
—logr

’ Z DPi logcl
Ny —logr

By observing that < Cp := C'maxi<j<m{|logc;j|} we obtain

< Co Z pi < Cop Z e "NE),

icA, 2 C—llogr—1<k<Clogr—1

Hence |} ic 4., %\ tends to 0 as 7——0. On the other hand, because a; < r < a3 we

have logr = loga; + O(1). If i € A, then by (3.5)

1 .
Z plllzgg? _ Z ( jiny ) Ogc]+0<n))

1€Ar 1 IEAT 1 2] 1 p] IOg CL]

> i1 pjloge;
= —S——— > m+ 0.

m
>_j—1pjloga; A,

Since Y ;e 4 pi = 1 because {[i] : i€ A} is a partition of XV and
Sas X e
HS ) C—1llogr—1<k<Clogr—1
as r—0, we must have lim,_, ZieAr,l pi = 1. Now because Z;n:1 pj(logbj—logaj) = 6o >
0, A1 € A? whenever ) (and hence ¢) is sufficiently small. It follows that

pilog G _ pilog G o pilogei
—logr —logr —logr’

(3.6)
icA, 1
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Taking limit r—0 yields Q% = M

= To see that Q° = 0 we only need to observe
Z] 1pjloga;
that by (3.6),

logc
0% 4 Q= 1i BOBA _ e,
+ rlil(l) Z logr

4. PROOF OF THEOREM 2.1.

We adopt the following definition from [21]:

Definition 4.1. Let K be a compact set in R%. Fix M,e > 0 and N € N. A covering
{G;}, of K by Borel sets is said to be (M, e, N)-good if diam (G;) < Me for all i, and any

e-cube in RY intersects at most N elements in the covering.

Lemma 4.1. Let M,q > 0 and N,d € N. There ezists a constant C1 = C1(M, N,d,q) such
that for any compactly supported probability measure v on R and any (M,27", N)-good
Borel covering {G;} of supp (v) we have

Cr (v, q) <qu ) < Cimn(v, q)

where T, (v, q) is defined in (1.3).

Proof. See [21], Lemma 2.2. |
Let {¢;}7L, be an IFS in RZ. For any i = dyip---i, € X", ¥ = {1,2,...,m} we let ¢;
denote ¢;, © pi, 0 -0 P;,, .

Lemma 4.2. Let T = {¢; Ty be an IFS in R? and p = (p1,p2,...,pm) be a probability

vector. Then for any compact set F we have

vrp(F) = lim » p;
ieB,

where B, ={ie X" : ¢;(K)NF #0} and K = K(T).

Proof. Standard. |

Lemma 4.3. Under the assumptions of Theorem 2.1, for anyi € X" we have v(¢;i(K)) = pj,
where v = vz, and K = K(Z).
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Proof. Let T' be the open rectangle for the ROSC, so {¢;(T')}L; are disjoint open rectangles
in T. First we consider the case in which ¢;(T') C T for some 1 < j < m. Without loss of

generality we assume that ¢1(T) C T.
Let 1 € ¥". By Lemma 4.2 we have

By ={iesh: gi(K)na(K) # 0} 2 {1} x Sh,
Hence v(¢1(K)) = limg—oo D iep, Pi > p1- We prove the converse. In fact we prove
v(e1(T)) < p1. Let

C={ieX": ¢i(K)nau(T) # 0}

and set

Cp={ieCr: »i(K)C (D)},  Ci=Cr\C
Note that C,% = {1} x ¥*¥". Hence limy_, o Ziec,i p; = p1. On the other hand,

C2C {i:hig---z’k: ivin-in £1, 1 # 1 for j >n}.

Hence Ziec,f pi < (1 —p1)F"—0 as k——00. Thus limy_ Zieck p;i = p1. It follows that

(4.1) v(d(K)) < v(en(T)) = p1-

By considering the iterations of the IFS Z it is clear that the above proof extends to the
case in which there exists an i € X* such that ¢;(T) C T

It remains to prove the lemma when ¢;(T) NOT # () for all nonempty i € $*. In this case
itis clear that K is contained in a line parallel to one of the axes, say, the horizontal axis.
Then v is identical to its projection v* onto the z-axis up to a translation. Furthermore
the projection IFS 7% must satisfy the OSC (and it is self-similar). Therefore the lemma
still holds. [ |

Proposition 4.4. Let v be a self-similar probability measure in R with supp (v) C [e,d].
For any q,0 > 0 there exist constants C1,Cy > 0 depending on v,q,0 such that for any

n > 0 we have

Cln_T(V’q)_(s < Z I/q(IZ‘) < CQ?’L_T(V’q)+5.
i=1

where Iz = [c_|_ %’ c+ i(dfc)].

n
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Proof. It is known that for a self-similar measure the L? spectrum exists, see Peres and
Solomyak [21]. Set A, = %, which is the length of each interval I;. By definition and
Lemma 4.1 we have

log >~ o V(i)

ST oga, T

and

n (T,

n—00 log An - T(% Q)-

Thus for any d > 0 there exists an ng such that for all n > ng we have
n
A;T(V,Q)—fs < Z V(L) < A;T(V7q)+5_
=0

Now for 1 < n < ng we simply choose C; and C5 to satisfy the inequalities of the proposition.

Proof of Theorem 2.1. Let r > 0 be sufficiently small. We construct a covering {G;} of
supp (v) as follows: Let T" be the open rectangle associated with the ROSC for the IFS Z.
Without loss of generality we may assume that 7" is a unit square. For a = (aj)gnzl and
b = (b;)72; define the subsets of A, A} and Ab of ¥* with ¥ = {1,2,...,m} as in Section
3. For any i € A? by definition b; > a;, and we set wg(i) := [bj/a;]. Note that ¢;(T) is
a closed rectangle of width a; and height b;; so w, (i) is the aspect ratio of the rectangle
rounded off to an integer. We now cut ¢;(7T) horizontally into w, (i) equal rectangles of
width a; and height bj/w,(i). Call these smaller rectangles {R{; Z’i(li). Similarly for any
i € A by definition a; > b;, and we set wy(i) := [a;i/b;]. ¢i(T) is a closed rectangle of width
a; and height b;. We now cut ¢;(7T') vertically into wj(i) equal rectangles of width a;/wy(i)

and height b;. Call these smaller rectangles {R;” i Z]i(li).

Observe that if s~ = min{a;,b;} and s* = max{a;,b;} then each R{, and R?, has width
and height between s~ r and r/s™. Furthermore
c,,:{ o ie A 1gk§wa(i>}u{ng: ieA,’z,1gkgwb(i)}
is a covering of supp (v). It follows that C, is an (M, r, N)-good covering of supp () with
M =s"/2and N =4.

The key is to estimate Zié}i(li) vI(RY,) for i € A? and szi(ll) Vq(ng,) for i € A% We

make the following claim:
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Claim: For any § > 0 there exist constants Cy and Cy independent of i and r such that
(4.2) Cyp (w, (i) T8 < Z VI(RE),) < Copf (wq (1)) 70+,
Proof of Claim: The combination of Lemma 4.2 and Lemma 4.3 implies that

v(RE) = T {py: § €S, 65(K) C ou(T), ¢5(K) N Ry, # 0}
= Jim py e {i) 2 gy(R) N Ry £ 0
= pi lim {pJ J € X", dio¢i(K)N Ry, # V)}-

But observe that the set {j € 3" : ¢; 0 ¢5(K) N Rf, # 0} is precisely the set

(4.3) {iesm: ol(k,) N1y #0},

15

where ¢y := myopjom,t, Ky = my(K) and Ijy := [ctE=bld=c) C+k(d.;c)] with [c, d] = 7y (T).

wq (1) wq (1

(So by assumption actually d — ¢ = 1.) Proposition 4.4 now asserts that
i)
Clp?(wa(i))—T(V97Q)—5 < Vq(R?,k) < CQP?(wa(i))_T(”y7Q)+5

g

—

a

x>

—_

for some constants C7 and Cs, proving the claim.

By an identical argument we also have constants C and C% such that

=

wy (i

(4.4) Crpf (wy (1) 77070 < N WU(RE) < Oyl (wy (1)) T
k=1

for any i € A.

To complete the proof of our theorem,

wy (1)

>, szq DEDIPIELC ]

DeC, ic A2 k=1 ieAb k=1
It follows from (4.2) and (4.4) that

wq (i)
& Z pl wa T(v9) 6 Z Vq Z C2p wa (Vy7q)+5,
ieAy icAy k=1 icAs
and similarly
wp (i)
C{ Z piq(wb(i))_T(l/xﬂ)_(; S Vq(R?,k) S Z Cép?(wb(i))_T(Vw’q)—i—s
iGAﬁl iE.AI; k=1 iGA,IZ



16 DE-JUN FENG AND YANG WANG

(i) < % Applying Proposition 3.1 twice with ¢ = {c¢;}7.; set to be
= p](a) T(Vy"Y) and ¢; = p]( L) =7(#".0)+9 yegpectively, and with §—0, yields
log Y1 40 wa(l) V(R . Doty (— logt; — 7(vY, q)(logbj —loga;) + qlogpj>

lim = in )
r—0 IOg r tel(e®) Z;nzl tj log aj

and similarly

o 08 e SRt . 2 i1 ( logtj —7(v “’,q)(logaj—10gbj)+qlogpj>
r—0 log r tel(ed) Z;nzl tjlogb; '

The proof is finally complete by observing that for any A > B > 0 we have
log A < log(A + B) <log A + log?2.

Proof of Theorem 2.2. It is clear from the proof of Theorem 2.1 that if all a; < b;

then 7(v,q) = 60, where 0, is given in Theorem 2.1. In this case I'y := I'(e?) = {t =
(t1,.. s tm): t; > 0and 307, ¢; = 1}. Hence

(4.5) (nd) = 707, + ing ty(~lot; = 707, logly + glog)
' T\ =T tlenl“o > tjloga '

We first simplify the notation. Set A; = 1/a; and B; = pj b 7(":9) Then (4.5) becomes
Zm:1 tjlog TJ
4.6 TV, q) — 1(v,q zsup%.
(4.6) @) —7q) telo 2_j—1 108 A;
Let 0 be the unique real root of the equation Z;”ZI(A]-)_GBJ- = 1 (the existence of # follows
from the fact that A; > 1 and B; > 0 for all j). Then

B, A;)79B;
Y tilog 2 Y tjlog AlE
>t tjlog A; >ty tjlog A;

By the Jessen inequality,
th 10g < log (Z(AJ) B]> = 0.
j=1
The “=" in the first inequality is achieved when t; = (4;)7YB; for 1 < j < m. It follows
T(v*,q) — 7(v,q) = 0. This proves the theorem. [ |
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5. PROOF OF THEOREM 2.4

Let v be a compactly supported probability measure in R?. For any ¢ > 0 and N € N
a family of Borel sets {G;} is called an (¢, N)-good partition of supp (v) if the following
conditions are met:
(i) U; Gi 2supp (v) and v(G; N G;) =0 for all ¢ # j.
(ii) Any cube of side ¢ intersects at most N elements of {G;} and diam (G;) < e.

Set f(z) = xlog(l/z) = —xlogz and define hn(v) = > 5cp, f(¥(Q)), where Dy, is the
standard partition of R¢ by cubes of sides 27" defined in Section 1. We have

Lemma 5.1. Let {G;} be a (27", N)-good partition of supp (v) where v is any compactly

supported probability measure in RY. Then

‘Zf(”(Gi» —ha(v)| < C

where C = max (log N, log 29).

Proof. It is easy to check that for all x1,...,z; > 0 we have
k k k k
(5.1) FO ) <D fla) < FO_wi) + O wi)logk.
i=1 i=1 i=1 i=1

Write D, = {Q;} and consider the refinement G* = {G; N Q;} of the (27", N)-good
partition {G;}. Note that diam (G;) < 27" implies that G; intersects at most 2¢ cubes in
D,,. Tt follows from (5.1) that

(5.2) ) < Zf (GiNQy)) < fF(r(Gy)) + log(2h) v(Gy).
Conversely, also by (5.1) we have

(5.3) v(Q))) < Zf (GiNQy)) < F(r(Q))) +log(N) 1(Q;)-
Summing up (5.2) over i ylelds

(5.4) Zf(u ) < Zf (GinQy)) < Zf ) + log(2%),
and summing up 2(5.3) over j ylelds

(5.5) ) < Zf (GiNQ;)) < hy(v) +1og N.

The lemma now follows by combmmg (5.4) and (5.5). |
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Proposition 5.2. Let v be a self-similar probability measure in R with supp (v) C [e,d].
For any q,0 > 0 there exist constants C1,Cy > 0 depending on v and § such that for any
n > 0 we have

(h(v) — 8)logn + C1 <> f(I;) < (h(v) + 6)logn + Cy,

i=1

where I; = [c+ (i_l)éd_c) ,C+ i(dn_c)).

Proof. The proof is essentially identical to that of Proposition 4.4. By Lemma 5.1 we have
| > o f(I;) — hy(v)] < C for some constant C, where k > 0 is chosen so that 27% > % >
27k=1 since {I;} is a (27, 2)-good partition of supp (). For any § > 0 there exists a kg > 0
such that for all k > kg there is

h
k(v) -
klog2

h(v) -6 < h(v) + 6.

But clearly by assumption |logn — klog2| < C’ for some constant C’. Therefore for k > kg

we have constants C] and C) such that
(h(v) — 8)logn +Cf <> £(I;) < (h(v) + ) logn + Cb.
i=0
Now for k < kg there are only finitely many correpsonding n, so we may find C7 and Cs
such that
(h(v) = 8)logn +C1 <Y f(I;) < (h(v) +8)logn + Ca.
i=0
This proves the proposition. [ |

Proof of Theorem 2.4. For v = vz, we may assume without loss of generality that
v(L) = 0 for any line L in R?, for otherwise v is in essence a self-similar measure in the one

dimension, leaving us with nothing to prove.

We adopt the same notations from the proof of Theorem 2.1. For any r > 0 sufficinetly
small let C, be the covering of supp (v) given by

Cr={Ry:ic AL 1<k <uw,@}U Rl ic A 1<k <w)

as in the proof of Theorem 2.1. It follows that C, is a (r, N)-good covering of K = supp (v)
for some suitable N independent of r. We estimate > oo f(¥(Q)) for f(z) = zlog(1/z) =

—zlogx.
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We first estimate ZZZ?) f(v(RY})) for any i € A7. By (4.3) we have

v(BE) = plim 37 {5 €S of(K,) N h £ 0)

= pirY(Lig)
where K, and [j;, are as in the proof of Theorem 2.1. Thus

wa(i) wa(i)

. FWB) =i Y f((Tig)) — pilogpi.

k=1 k=1
It now follows from Proposition 5.2 that for any § > 0 there are C; and Cy independent of
r such that

(5.6)
wa (i)
pi(h(v¥)—8)log wa(i)—pi log pi+Cips < > f(v(R})) < pi(h(1v¥)+0) log wa(i)—p; log pi+Cap;.
k=1

Similarly for any i € A% there exist C] and C% independent of 7 such that
(5.7)

g

p(1

pi(h(v")—=6) log wy(i)—p;i log pi+Cipi < D fF((RY})) < pi(h(v")+6) log wy(i)—p; log pi+Chp;.

x>
I
—

Now, observe that 2% < wg(i) < Z—ll So log(bi/a;) — log2 < logwg (i) < log(b;/a;). This
means we may replace wg(i) in (5.6) with b;/a;, with only the modification of the constants
C1 and Cy. Now for (5.6) we apply Proposition 3.2 twice, with ¢; = pj_l(bj/aj)h(”y)*é and
cj = 10].*1(bj/aj)h(”y)ﬂS respectively, and set —0. It follows that

(58) lim D icAs wall) p tr) _ h) S pylogh; —logay) — Y57, pjlogp;
. r—0 log r E;nzl p;loga;

if >27% pi(logb; —logaj) >0, and 0 if 7", pj(loga; —logb;) > 0. Similarly,

. r—0 log r Z;?lzl p;logb;

if 3272 pj(loga; —logb;) > 0, and 0 if 3 7%, pj(logb; —loga;) > 0. Combining (5.8) and
(5.9) yields
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h(v¥) UL pj(logbj—logas)—>7L | pjlogp;
. mZ;ﬁ:lpj log a;
Yoee, F(6) _ (I 2 pillogh; —logey) > 0),

5.10 lim
(5.10) r—0 logr ey logb ) =S p ;
h(v )ZJ:1PJ(10ga] logb;) 232117110%10]

> it pjlogb;

( if 2721 pj(logaj — log bj) > O).
To estimate the left-hand side of the above equation whenever Z;n:1 pj(loga; —logb;) =0,

by summing (5.6) over i € A? and (5.7) over i € A% we have

Qr,l < Z f(V(G)) < QT,Z

GeC,
with
=C3+ Z pl Vy - 5) IOg(b /al + Z pl ) - 5) log al/b Z pi log pj
ic A icAb icA,
and
QQT = Cy + Zpl Vy +5)10g(b /a + Zpl )+5)10g a’l/b Zpllogpla
icAg ic Al icA,

where C5 and Cy are constants independent of r. Applying Proposition 3.2 (iii) we have

(5.11) lim Yaee, fW(G) _ — 5L pjlogp;

m
= h (loga; — logh;) =0
r—0 log r > pjloga; when ) pj(loga; —logb;)

j=1
Note that C, is a (r, N)-good covering of supp (v) for some constant N independent of 7.
Taking r = 27" and applying Lemma 5.1 we have

h 2 cec, ., fW(G)) V(G
hv) = tim 1) _ gy 2G€0 iy 2=Gec. [G)
n—oonlog2 n—oo nlog?2 r—0 —logr
The theorem now follows by combining (5.10) and (5.11). |
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