CONSTRUCTION OF COMPACTLY SUPPORTED SYMMETRIC
SCALING FUNCTIONS

EUGENE BELOGAY AND YANG WANG

ABSTRACT. In this paper we study scaling functions of a given regularity for ar-
bitrary dilation factor g. We classify symmetric scaling functions and study the
smoothness of some of them. We also introduce a new class of continuous symmet-
ric scaling functions, the “Batman” functions, that have very small support. Their
smoothness is established.

1. INTRODUCTION

Compactly supported wavelet functions are typically constructed from multiresolu-
tion analyses whose scaling functions are compactly supported, see [6] or [15]. It is an
important problem to construct scaling functions (and hence wavelets) that possess
desirable properties. These properties usually include high regularity, symmetry and
small supports.

Recall that a multiresolution analysis with dilation factor ¢, where ¢ € Z and

lg| > 1, is a sequence of nested subspaces of L?(R)

e CVaoCcVayaclVyocWVicVoCes (1.1)
such that
V; = span {f(qjx—k) : kEZ} (1.2)
for some f(x) € L*(R), and
UV = () (13)
€T

The function f(x) is called the scaling function of the multiresolution analysis.
We shall mostly deal with multiresolution analyses whose scaling functions f(x)

are compactly supported and their integer translates are orthogonal in L*(R). Any
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such multiresolution analysis will allow us to construct an orthonormal wavelet basis
for L*(R).

Let f(z) € L*(R) be a compactly supported scaling function of a multiresolution
analysis with dilation ¢. Then [ f(z)dx # 0 and f(z) satisfies a dilation equation
(see [7])

f@) =3 eaflgr—k), D a=q (1.4)
keZ kEZ

where ¢ are real and ¢, # 0 for only finitely many k € Z. Suppose that f(x — k),
k € Z are orthogonal in L?(R). Then the coefficients {c;} must satisfy

> CkChigj = laldj, Vi €L, (1.5)

kEZ
where §; = 1if 7 = 0 and 0; = 0 otherwise. The converse is not true though. For the
integer translates of f(x) to be orthogonal, there are additional conditions besides
(1.5), see [11]. Often those conditions are overlooked in the study of wavelets.

Orthogonal scaling functions for dilation ¢ = 2 have been explicitly constructed
by Daubechies [6]. For any given regularity, Daubechies has constructed the minimal
support orthogonal scaling function and has studied the smoothness of those scaling
functions using Fourier analytic methods. Construction of minimal support as well
as non-minimal support orthogonal scaling functions for an arbitrary dilation ¢ has
been presented by Heller [12]. Heller’s constructions of minimal support orthogonal
scaling functions are explicit, but not completely rigorous, see §3.

In applications, it is often desirable to use scaling functions that are symmetric.
Construction of symmetric scaling functions for arbitrary dilation |¢| > 2 is the main
concern of this paper. It is already shown by Daubechies [6] that, when ¢ = 2, the only
symmetric orthogonal scaling function is the Haar function. However when |¢| > 2,
symmetric orthogonal scaling functions with arbitrary regularity do exist. They were
constructed for ¢ = 3 by Chui and Lian [2].

The contents of this paper are arranged as follows: In §2 we introduce the definitions
and the basic results on scaling functions. We classify the scaling functions for a given

dilation and regularity. In §3 we derive an explicit formula for all scaling sequences,
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making rigorous the previous work by Heller. In §4 we give explicit construction of
symmetric orthogonal scaling functions for any arbitray dilation |g| > 2. We establish
necessary and sufficient conditions for scaling functions to be symmetric, based on
the modulus of symbols. And finally in §5 we discuss a new family of symmetric
orthogonal scaling functions (the “Batman” functions) and find their smoothness by
using the joint spectral radius of matrices.

We are greatly in debt to Chris Heil for valuable discussions and generous assistance
with regard to references. We also thank Jeff Geronimo and George Donovan for
helpful discussions. Our study was motivated by a conversation we had with Jian-Ao

Lian in Pittsburg, and we would like to express our gratitude to Dr. Lian.

2. BAsic REsuLTS

Let S, (R) denote the set of all real sequences ¢ = {¢; : k € Z} such that Y ey ¢ =
lq| and ¢, = 0 for all but finitely many k € Z, where |g| > 1 is an integer. It is known
that for each ¢ = {c;} € §;(R) there exists a unique compactly supported ®.(z) (in
the sense of tempered distribution) satisfying

Pe(z) =Y Pe(qr — k), foralmostallz € R and @(0) =1.
hez (2.1)

Moreover, any compactly supported solution ¢(x) (in the sense of tempered distribu-
tion) of the dilation equation (2.1) must be a scalar multiple of ®.(x), see Daubechies

and Lagarias [8]. We call ®.(x) the refinement function corresponding to c.

Definition 2.1. The symbol of ¢ = {¢; : k € Z} € S,(R) is the trigonometric
polynomial M.(w) = %Zkez cret®. A sequence ¢ = {c; : k € Z} in S,(R) is a
g-scaling sequence if
gl =0,
CkChtqj = T 2.2
I%:Zkkﬂm { 0 Zf]%(). ( )

The following proposition summarizes the basic properties of symbols and ¢-scaling

sequences.
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Proposition 2.1. (i) c € §;(R) is a g-scaling sequence if and only if
q—1 9
Z‘Mc(wnL%)‘ =1, allwe R (2.3)
k=0

(ii) Suppose that ¢ = {cx : k € Z} is a q-scaling sequence. Then 3 ;e Cryq; = 1 for
all k € Z.
Proof. (i) is well-known, and a proof can be found in Gréchenig [11] (ii) is proved in

Chui and Lian [2]. O

We define two elementary transformations on S;(R), the translation 7, for a given

m € Z and the reflection v. They are defined as

Tm({er}) ={ck-m}, and  y({er}) = {cx}-

The refinement functions respectively satisfy
Do) () = Pe(—2),  Prpo)(®) = Pelz+ ), mEL (2.4)

We also define the convolution of b = {b;} and ¢ = {¢;} of S§;(R) by bxc :=
{% Yibick_i : k € Z}. Please note the extra factor %. Now it is easy to check that
b *c € §;(R) and Mpye(w) = My (w) M (w).

Definition 2.2. We say that b, ¢ € S§;(R) are equivalent, and denote it by b ~ c, if

¢ = T(b) or ¢ = 1, 0 y(b) for some m € Z.

Theorem 2.2. Let b, ¢ € §;(R). Then |My(w)* = |Mc(w)|* if and only if there

ezist a, e, € € §;(R) where e ~ € such that

b=axe, c=axe. (2.5)
Proof. Suppose (2.5) holds. Then My (w) = €™ M, (w) if € = 7,(e) and My (w) =
™ Mo(—w) if € = 7,, o y(e). In either case | My, (w)|? = |Mc(w)|?.

Conversely, suppose that |Myp(w)|* = |Mc(w)[>. Without loss of generality we will
assume that by # 0 and b; = 0 for all ¢« < 0, for if it isn’t so, we’ll consider an
equvalent (shifted) sequence with this property. We will assume the same for c. We
make the substitution z = e, let B(z) = My(w) and C(z) = M.(w), and define

B(z) = 2™B(1/z), where m = deg(B). Now the assumption reads B(z)B(z) =
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C(2)C(z). Notice that B(z) and C(z) must have the same degree and hence the
same number of zeros (counted with their multiplicity). Let A(z) = ged(B(z), C(z)).
Then B(z) = A(2)E(z) and C(z) = A(2)E'(z) for some E(z),E'(z) € R[z]. By
assumption, A(z)F(2)A(2)E(z) = A(2)E'(2)A(2)E'(z) and since ged(E(2), E'(2))
1 we obtain that E'(z) = E(z). Now (2.5) follows immediately by letting M, (w) =
A(e™), M(w) = E(e™), Mo (w) = E'(e*), and observing that E'(z) = E(z) implies

e ~e. I

~~  ~—

Theorem 2.2 essentially implies that to classify ¢-scaling sequences we need only to
classify the square of the modulus of their symbols.
The following theorem is due to Mallat [15], who proves it for ¢ = 2. However, his

proof generalizes easily to all |¢| > 1.
Theorem 2.3. Let c € S;(R) be a g-scaling sequence. Then ®.(x) € L*(R).
Remark. We call ®.(z) the scaling function corresponding to c.

3. SCALING SEQUENCES OF ARBITRARY REGULARITY

In this section we shall classify all g-scaling sequences for any given regularity » > 1.
A sequence ¢ € S;(R) is r-regular, or having regularity r, if Mc(w) = Hj(w)P(w) for
some trigonometic polynomial P(w), where H,(w) := ﬁzz;é e Hy(w) is the
symbol of the Haar sequence h = {hy} with hy = 1 for 0 < h < |g| and hy = 0
otherwise. Proposition 2.1 (ii) shows that every g-scaling sequence is at least 1-
regular.

Let ©(C) denote the space of all trigonometric polynomials of complex coefficients,
Q(C) = Cle™, e ™]. Define the transfer operator C,, : Q(C) — Q(C) by

‘27"

Cor ()] = Zi\Hq(w § 20| (g 4 22k) (3.1)

By Proposition 2.1, Q(w) = H(w)P(w) is the symbol of a g-scaling sequence if and
only if

Cor [IP@)PF] =1, P(O)=1. (3.2)
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Lemma 3.1. Let g(w) € Q(C). Then Cy,[g(w)] =0 if and only if

g(w) = (1 —cosw)” ; cne™ (3.3)

where ¢, = 0 for all but finitely many n.
Proof. By C,,[g(w)] =0,

‘QTg(w + 22k, (3.4)

() g(w) = —z Hy(w + 228 :

Note that |e™ — €™|? =2 — 2 cos(w — a). So

q-1 R 9 2 q-1 .
H ()2 =TT le® — 5| =201 TT (1 = cos(w — 22 . 35
q q
j=1 j=1

2r
As a result, (1 — cosw)” is a factor of ‘Hq(w + M)‘ forall 1 <k <gqg-—1. So

(1 — cosw)™ must be a factor of g(w),

g(w) = (1 —cosw) g (w).
Write ¢, (w) € Q(C) as g1(w) = X pez cne™ where ¢, = 0 for all but finitely many n.
Notice that

; 2
1 |e! —1 1 — cosqw
H,(w)]* = = |= = : 3.6
|Hy(w)] Zlem 1| = 20 = cose) (3.6)
Hence
1 .
|Hy(w)|*g(w) = ﬁ(l —cosqw)" > cpe™. (3.7)
neZ

Applying (3.7) to Cy[g(w)] = 0, using the fact that (1—cos q(w—l—%))’" = (1—cos qw)",

q—1 1 . _
Z ﬁ(l — cos qw)" Z Cnem(er%) =0 for all w.
k=0

nez
As a result,

q_l : 27
>y cne™ @) =0 for all w. (3.8)

k=0 n€Z

The above is equivalent to ¢, = 0 for all n = 0 (mod ¢), because

qe n = qk.

This proves the lemma. O

q_l : 27
Z em(erTk) — { (z')nw n # qk, (39)
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Lemma 3.2. For any r > 1 there exists a unique g.(w) € Q(C) in the form of

gr(w) =

ro(an + by sinw)(1 — cosw)™ where ay, b, € C such that Cy,[g-(w)] = 1.

Proof. First, we show that there exists a g(w) € Q(C) satisfying C,,[g(w)] = 1. For

all 0 < k < ¢ — 1 write |Hy(w + #)f’ = hy(e™) with each hy(2) € C[z,

1], where

Clz, 4= {=™f(2): f(2) € Clz], m € N}.

Now each hi(z) = 2 Nhy(z) for some hi(z) € C[z], and we choose hi(z) so that

hi(0) # 0 for at least one of the 0 < k < ¢—1. Then ho(2), ...

, hy_1(2) are relatively

prime because they have no common root. Since C[z]| is a principal ideal domain,

there exist fy(z

Let ug(w) =

We now define g(w) = 2 7 Dk o g (w

S hu(2)fule) =

fk ( eiw

)y

fq—1(z) € Clz] such that

or

S (2) i) =

). Then

¢! 2r
Z‘Hq(w + %)‘ up(w)=1 for all w. (3.10)

k=0

- 27”'“) Then for all w,

q—1 9
S| Hy(w + 222)| " g(w + 222)

k=0

where 7, = w+&

27rl

T
L

1 us s L]
= 3yl + 20T S gl + 5 - )
k=0
1 -« 2ml 2 2ml
= oL X |Hle+ 2n0) [ (w + 22
=0 5=0
1 1ol - |27
= - > ‘Hq(mJFQ%])‘ u;(m)
9 1=0 j=0
1=
- = 1 =1,
q

Iy
(o=}

. This proves the existence of a g(w) € €(C) such that C,,[¢g(w)] = 1.



8 EUGENE BELOGAY AND YANG WANG

Now, we write g(w) as

r—1
gw) = D (an+bysinw)(l —cosw)™ + (1 — cosw) Z e

n=0

= g(w)+ (1 —cosw)" Z €'
Then it follows from (3.6) and (3.9) that

1=Cyrlgw)] = Cyrlgr(w)] + (1 — cosqu)™ Y cgie'™e. (3.11)

J

But if ¢;; # 0 for some j > 0 then (3.11) is not possible, for as a trigonometric
polynomial the order of (1 — cosqw)" ¥; g€ Y% is at least ¢r while the order of
S| Hy(w+ %)P’"gr (w+ %) is at most ¢r — 1. Therefore ¢,; = d,; = 0, and hence
Corlgr ()] = 1.

Finally, suppose there is another §,(w) = X"—{(a/, + b, sinw)(1 — cosw)™ satisfying
Cyrldr(w)] = 1 and §,(w) # ¢,(w). Then C,, [gr(w) — gr(w)] = 0. Contradicting
Lemma 3.1. O

We can actually write down the explicit expression for g,(w). First we note that

(1 — cos(w — 2—21)) (1 — cos(w — @)) = (cosw — cos 2—21)2. 12

Hence by (3.5),
2012 (cosw — oS 27”)2 q=2q +1,
| Hy(w)[* =

g-1,-2 _ 27U 2 _
207 1q (l—i-cosw) L, (cosw — cos =) q=2q +2. (3.13)

Now again by (3.5),
|Hy(w + %)P” = O((l — cos w)’")

for 1 < k < ¢ — 1. Therefore by (3.11) |H,(w)[*¢-(w) = 14+ O ((1 — cosw)"), or

equivalently

gr(w) = [Hy(w)|7 + O((1 = cosw)"). (3.14)
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So g,(w) is given by the first r terms of the power series expansion |H,(w)| % =

>0 o Pn(1 — cosw)™, namely,

r—1

gr(w) = Z:Opn(l —cosw)". (3.15)

Remark. In Heller [12] the existence of g,(w) as a polynomial of 1 — cosw of degree
less than 7 is not proven. The explicit formula for p,, is derived by assuming this is

the case.

Theorem 3.3. Let A(w) € Q(C). Then A(w) = |Mc(w)]* for some q-scaling se-
quence ¢ of reqularity at least r if and only if A(w) > 0 for all w € R and A(w) =
|Hy(w)[*"g(w) for some
g(w) = g (w) + (1 —cosw)" > e, cosnw, (3.16)
n#£qk

where g,(w) = X" 4 pp(1 — cosw)™ is give by
2r

_ 4 kj+2r—1 2k \ s —
P = e 2 H( 22 (1 = cos 2Ty~ (3.17)
ki+-+kq=n j=1

forq =2q; + 1, and
2r

q1
_ 4 3 ko+r—1 kj+2r—1 2k \—k; —
Pn = or(g—1) ( Or—rl ) H ( JZT—TI ) (1 - oS q ) b
ko+ki-+kq, =n j=1 (318)

for q = 2q, + 2.
Proof. 'We only need to show that p, in (3.16) are indeed given by (3.17) and (3.18).
We use the fact that for any m > 1

oo

(1—w) ™= ("o

Hence for a # 1,

(W—a) ™= (L= a) (L~ =) = (1 a) e, (") (L - a) (- )

m—1

It follows that

_ 2mj )2
(cosw — cos <2) =

= (1—cos 27”) DD (”;“f:l)(l — cos %)*”(1 —cosw)".
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Similarly,
(1+cosw)™ =273 (" 1) 27" (1 - cosw)"™. (3.19)
n=0

Now for ¢ = 2¢; + 1, (3.13) gives

2

(cosw — cos 2%7) -

[Hy(w)| " =

> (””r 1) (1 — cos 22 =) n=2r(1 — cosw)™,

i
2r g1 oo
H 2r—1
7j=1n=0
which yields (3.17). For ¢ = 2¢; + 2, (3.18) is proved similarly, only this time there is
an extra factor (1 + cosw)” and (3.19) needs to be used.

Finally suppose that g(w) > 0 satisfies (3.16). Then
- 2rk \ |2 2rk
I;)‘Hq(w + %)‘ glw+2Z2)=1 foralw.

Moreover, by the Riesz Lemma (see [7], pp. 172), there exists a trigonometric poly-
nomial B(w) = 3, ¢,e™ such that |B(w)[* = |Hy(w)[*"g(w). Clearly, B(0) = 1. So

B(w) = M.(w) for some g—scaling sequence c of regularity at least r. O

We observe that p,, > 0 for all n and py = 1. Therefore g,(w) > 0 and hence there
exists a g—scaling sequence ¢ such that |M.(w)|* = [H,(w)[*" g, (w).

Corollary 3.4. Let c € S;(R) such that
[Me(w)* = [Hy ()" g1 (w)-

Then all integer translates ®.(w — k), k € Z, are orthogonal in L*(R).

Proof. Suppose the corollary is false. Then there exists a wy € (0,27) with the
property that ¢¥wy = wy (mod 27) for some N € N such that M(wy + %) =0 for
all 1 <k <¢q—1, see [11]. But since g,(w) > 0, Mc(w) = 0 if and only if H,(w) =0,
which leads to w = 2—;rl'forj # qj’. So forany 1 < k < ¢q—1, wo—i-? = 2—21
for some j # ¢j’. But if so then ¢¥wy # wy (mod 27) for any N € N. This is a

contradiction. O
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4. SYMMETRIC SCALING FUNCTIONS

We call ¢ € §;(R) symmetric if ¢ = 7,,, o y(c) for some m € Z. A function f(z) is

called symmetric if f(z) = f(a — z) for some a € R.

Lemma 4.1. Let ¢ € §;(R). Then c is symmetric if and only if ®c(x) is.
Proof. We prove the lemma for ¢ > 0. For ¢ < 0 the proof is similar

Suppose that ¢ is symmetric. Then ¢ = 7, o y(c) for some m € Z. Therefore

De() = Prppoy(e) (2) = el — ),

q
and so ®.(x) is symmetric.

Conversley, suppose that ®.(z) is symmetric and ®.(z) = P.(a — x). Without
loss of generality we let ¢ = {¢x : k € Z} such that ¢, = 0 for all k£ ¢ [0, m] while
cocm 7 0. Then ®c(z) is supported exactly on [0, #;]. Now this means a = .
Hence ®.(x) = ®;,0y(c)(x). We argue that ¢ = 7, o y(c). Note that

~ W\ ~ w ~ W\ 2 w
q)c(w) = Mc (g) (I)c <_> y (I)Tmov(c) (w) = MTmo'y(c) (g) (I)Tmov(c) <_> .

q q
Therefore

w w
Mc <_> = MTmO c <_>
q 7v(e) q

for all w € R, which gives ¢ = 7,,, o y(c). O

Theorem 4.2. (i) Suppose that ¢ € S,(R) is symmetric. Let |M.(w)|* = P(cosw)
where P(z) € R[z]. Then

PEI=g() o Pl = (0 )de) (4.1)

for some g(z) € Rlz], ¢g(1) = 1.

(ii) Conversely, for any P(z) = g*(z) or P(z) = (2)g?(2) where g(z) € Rz] and
g(1) =1, there ezists up to equivalence a unique symmetric ¢ € Sy(R) such that
| M. (w)|? = P(cosw).

Proof. We first prove (i). Suppose that ¢ € S;(R) is symmetric. Then ¢ = 7, o y(c)

for some m € Z, M.(w) = "™ M.(—w). Hence

Mo ()2 = Mo (w) - My(—w) = e M2 (w) = (eiTMc(w)>2.
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Since |M(w)|? > 0 is real, the imaginary part of e=*"2" M,(w) must be 0.
Now, if m = 2k then

_jmw

e "2 M.(w) =Re (eik“’Mc(w)> = g(cosw)

for some ¢(z) € R[z]. Hence |M.(w)|* = g*(cosw). If m = 2k + 1 then

_jmw _ 2kt 1)w

e "2 M.(w) =Re <e T2 M(2- %)) = §(cos %)
for some g(z) € R[z]. Hence
| Me(w)]? = 3% (cos £). (4.2)
But cos?(¥) = (1 + cosw), so
g(cos §) = gi(cosw) 4 cos(%) - g2(cosw) (4.3)

where g1(2), g2(2) € R[z]. However, by (4.2) |Mc(w)|* = g*(cos¥) = P(cosw). It
follows that either g;(z) = 0 or g2(z) = 0. Since go(2) # 0, we must have g;(z) = 0.
So
|Me(w)]? = cos®(¥) - g2(cosw) = L(1 + cosw) - g3(cosw),

proving (i).

We next prove (ii). The existence is quite straighforward. Suppose that P(z) =
g*(z). Then M.(w) = g(cosw) defines a symmetric ¢ € S;(R) as Mc(—w) = Mc(w).
Suppose that P(z) = (142) ¢*(z). Then

Me(w) = €% cos - gleosw) = gt - g (<257 (14)

defines a symmetric ¢ € S;(R) because M.(w) = € M.(—w).

We show that the symmetric ¢ € S,(R) is unique up to equivalence by contradiction.
Assume that there is another symmetric ¢’ € §;(R) such that |[Me (w)[* = P(cosw).
By Theorem 2.2, there exist a, e, € € S;(R) such that e is equivalent to e’ and

c=axe, c=axe.
Therefore there exists some k& € Z such that

My (w) = e* M, (w) M (w) or My (w) = e M, (w) Mo (—w),
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depending on the equivalence relation of e and €'. In the first case we must have
¢’ = 7(c), and so ¢ and ¢’ are equivalent. In the second case, because ¢ and ¢’ are

both symmetric,
M (w)Me(w) = €™ M, (—w) M (—w), M (W) Mo(—w) = €™2% My (—w) Me(w).
Hence M?2(w) = em+m2)« \12( ). This implies that
M, (w) = £e™ M, (—w)

where m = (my + m2)/2 is clearly an integer. But M,(0) = 1, so My(w) =

€™ M,(—w). The equivalence of ¢ and ¢’ follows from
My (w) = € M, (w) Me(—w) = /FF™@ M (—w).
U

Remark. It is possible for a nonsymmetric ¢ € S,(R) to satisfy (4.1). A simple
example is to let ¢g = 4q, ¢; = —4q, co = q and all other ¢, = 0. Then c is

nonsymmetric, but nevertheless |M,(w)[? = (5 — 4 cosw)?.

Example 4.1. For regularity r = 1 and arbitrary ¢ > 3, by Theorem 3.3 any scaling
sequences c satisfy |M.(w)* = |H,(w)[?g(w) where
glw) =1+ (1 —cosw) > ¢, cosnw.
n#qk
Choosing g(w) = 1+ (1 —cos w)(ey cosw + ¢y cos 2w), and applying (4.1) and (4.4) we

obtain two scaling sequences c¢; and ¢, given by

1 . ) .
M (@) = 5Hyw) (a + (1= a)é® + (1 — a)e + aeﬁ”w), (4.5)
1 . ) .
Moy@) = SH)(B+1=B) + (1= e + %), (@45
where o = %— @ and g = %—i— @. The scaling sequence c¢; corresponds to the contin-

uous “Batman” scaling function (Figure 1), while ¢y corresponds to a discontinuous
scaling function (Figure 2). For ¢ = 3, the corresponding two wavelets (symmetric
and antisymmetric) are shown in Figure 3. We shall study the “Batman” function in

detail in §5.
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0.75

0.5

0.25

-0.25

FIGURE 1. The “Batman” scaling function of dilation ¢ = 3 (Example 4.1)

Example 4.2. Consider scaling sequences for ¢ = 5 and regularity r = 2. Choose

glw) = 1+4+8(1 —cosw)+ (1 —cos w)z(al CoSw + as cos 2w)

= 1482+ 2%+ (a1 + ay)2* — (a1 + 4ay)2” + 2a, 2%,

where z = 1—cosw. By Theorem 3.3 any ¢ € S5(R) satisfying | M.(w)|? = |H,(w)|*g(w)
is a scaling sequence. Solving for a;, ay to complete the square for g(w) we obtain

two solutions,
gw)= (1442 —42%)? or gw)=(1+4z— 822)2.
These lead to two symmetric scaling sequences

e = £{-1,0,0,2,3,6,5,6,3,2,0,0, 1}, (4.7)

c = %{—2,—2,1,6,9,16,19,16,9,6,1,—2,—2}. (4.8)
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FIGURE 2. The other (discontinuous) scaling function of dilation ¢ = 3
(Example 4.1)
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The corresponding scaling functions are shown in Figure 4 and Figure 5, respectively.

Both are continuous but only ®.,(z) is differentiable, see §5.

Example 4.3. As r grows, it becomes increasingly harder to find symmetric scal-

ing sequences by hand. Fortunately, Theorem 4.2 can be used in conjunction with
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0.5

FIGURE 3. Two “Batman” wavelets (long and short) for dilation ¢ = 3

standard software tools such as Mathematica. Figure 6 shows two minimal support
symmetric scaling functions for ¢ = 4 and » = 3. The polynomial P(z) (defined in

Theorem 4.2) has the form P(z) = 3(1 4 2)¢%(z).

5. THE “BATMAN” SCALING FUNCTION

In Example 4.1 (Figure 1) we have introduced the “Batman” scaling function (of

dilation ¢ > 3), which is given by the ¢-scaling sequence

1 1
c={{a,-,1—a,1,...,1,1 —a, =, a} (5.1)
2 S——— 2

q—3

— @. The corresponding refinement equation is

N[

where o =

fl@) = af(gr)+3flgr—1)+ (1 —a)f(gz —2) + flgz = 3) + -
+flgz—q+ 1)+ (1 —a)flgz—q)+35f(gz—q—1)+af(qgz —q—2).
Let ¢4(x) denote the “Batman” scaling function corresponding to the “Batman”
scaling sequence for dilation ¢ given by (5.1). The support of ¢,(z) is precisely
[0, Z%f], which gives [0, 2.5] for ¢ = 3 and [0, 2] for ¢ = 4. In what follows, we show
that ¢,(z) are continuous for all ¢ and determine the Holder exponent of ¢,(z) using
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FIGURE 4. Continuous scaling function of dilation 5, r = 2 (Example
4.2)

the joint spectral radius of matrices. Detailed discussions on the joint spectral radius
can be found in Daubechies and Lagarias [10], Berger and Wang [1], and Lagarias
and Wang [13].

Consider the general two-scale dilation equation
N

flx) =3 cuflgr —n) (5.2)

n=0

where cocy # 0 and ¢ > 2. If f(x) is a compactly supported solution to (5.2) then its
support is [0, %] The regularity of f(z) can be obtained by rewriting (5.2) into the
N

equivalent form of product of matrices. Let L = [.=;] and v(z) be the L-dimensional

vector
viz)=[f(z), flx+1),....fe+L-1)]", 0<z<1.
Define the L x L matrices P, € M (R), 0 < k < q—1,

Pk = [Cq(ifl)f(j71)+k]- (53)
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FI1GURE 5. “Smooth hat” differentiable scaling function of dilation 5,
r =2 (Example 4.2)

Then (5.2) is equivalent to

v(z) = Py v(oux), (5.4)
where x € [0, 1] has the base ¢ expansion

x = 0.dydsds - - -, all0 <d; <g—-1

and o,z is the fractional part of gz,

0,2 =qx (mod 1). (5.5)
Iterating (5.4) we obtain

v(7) = Py, Py, -+ - Py, v(0,'7). (5.6)

All P, are column stochastic, i.e. the entries of each column sum up to one. Therefore,

the vector [1,1,...,1] is a common left 1-eigenvector of all P;. Hence by taking any
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FIGURE 6. Two scaling functions of dilation 4, r = 3 (Example 4.3)

nonsingular @ € M (R) such that the first row of @ consists all 1’s, all P, can be

simultaneously block triangularized

QPkQ—lzli Xk], 0<k<q-—1. (5.7)

Proposition 5.1. Suppose that the joint spectral radius p = p(Ao, Ay, ..., Ay 1) <

1. Then the refinement function satisfying (5.2) is continuous. Furthermore, let
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r=log,(1/p). Then f(x) € C"= but f(x) ¢ C™* for all ¢ > 0, and f(x) € C" if and
only if the semigroup of matrices generated by Ag/p, 0 < k < q — 1, is bounded.
Proof. See Wang [16] or Collela and Heil [5]. O

Theorem 5.2. The “Batman” scaling function ¢,(x) is continuous, with Hélder ex-

ponent log,(4/V/6).
Proof. We first consider the case ¢ > 4. We have L = [Z%l] = 2 and the ¢ matrices
Py, ..., P, are all 2 by 2 matrices. Let QQ = [[1] H Then

L 10
All Ay, are scalars. Now by (5.3)

Pk:[ Ck Ck—1 ],

Cot+k  Cqtk-1

and it is straightforward to check that

S

P(Ags Ar, .y Agor) = max([Aol, [Ail, ..., [Ag—1]) = 4

The theorem follows immediately from Proposition 5.1.
In the case ¢ = 3 the support of ¢3(z) is [0,2.5] so L = 3 and the matrices Py are
3 by 3. We have

QP.Q ! = l i Xk ] by taking @ = {

where

AO:[Q 0 ], Al:[%_o‘ a], AQZl%_O‘ 5

o}
Note that for each A = [a;;] € M>(R),
Al = maX{|au| + laz|, |aw2| + |a22|} (5.9)
(

defines a matrix norm on M(R). (||.||; is actually the induced operator norm from

the L'-norm on R%.) Since

V6

2]af =
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it follows that all [|[Axll; = + — o = %. This forces p(Ag, A1, Ay) < @ and the
semigroup generated by {AM%} be bounded (cf. Berger and Wang [1], Lemma II).
However p(Ag, Ay, Ay) > @ because % is an eignevalue of Ay. Therefore
v
1
proving the theorem for ¢ = 3. O

ﬁ = ﬁ(A(), Al, Ag) (510)

The same technique can be applied to show that the “Smooth hat” scaling function

in Figure 5, corresponding to the 5-scaling sequence defined in (4.8), is differentiable.

Theorem 5.3. The symmetric scaling function ®.(x) where
c=1:{-2-2,1,6,9,16,19,16,9,6,1, -2, —2}

15 differentiable.

To prove the above theorem we first obtain the five matrices Py, 0 < k < 4. It is
then straightforward to check that they have a common left %—eigenvector [1,-2,3]in
addition to the common left 1-eignevector [1,1, 1]. The rest follows by simultaneously
triangularizing Py, and applying results in Daubechies and Lagarias [9]. We omit the

details here.
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